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Emergence of turbulence in a counterflow geometry of two-dimensional polariton quantum fluids
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We numerically investigate the nonlinear dynamics of a two-dimensional exciton-polariton quantum fluid
coherently driven by two counterpropagating laser beams. Using an exciton-photon coupled driven-dissipative
Gross-Pitaevskii framework, we identify four distinct regimes—that we label as linear, solitonic, turbulent,
and superfluid—emerging from the interplay between pump strength, laser detuning, and injected momentum,
which together control the balance between kinetic and interaction energies in the quantum fluid. The different
regimes are characterized through real-space and momentum-space observables, as well as through the temporal
first-order coherence function. We show that the turbulent regime occupies a well-defined and extended region of
parameter space, marked by spontaneous vortex nucleation due to the snake-instability process, and a pronounced
reduction of temporal coherence, providing a clear signature of nonstationary dynamics. By constructing quan-
titative phase diagrams, we delineate the transitions between the various regimes and identify multiple pathways
connecting the different behaviors. Finally, we demonstrate that the turbulent regime persists over experimentally
realistic parameter ranges compatible with state-of-the-art GaAs-based microcavity platforms, establishing
counterpropagating polariton flows as a robust and versatile setting for the study of driven-dissipative quantum
turbulence in two dimensions.
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I. INTRODUCTION

Quantum fluids, in which macroscopic coherence emerges
from the collective behavior of bosonic particles, display
a wide range of dynamical phenomena, including super-
fluidity, soliton formation, and quantum turbulence. These
effects were first identified through the existence of quan-
tized vortices in superfluid helium [1,2]. More recently, the
experimental realization of Bose-Einstein condensates [3,4]
has established ultracold atomic gases [5,6] as a powerful
platform for studying superfluidity and quantum turbulence.

Quantum turbulence is characterized by disordered flow
patterns, spontaneous quantized vortex nucleation, and com-
plex spatiotemporal dynamics that enable energy transfer
across scales. In classical turbulence, Richardson’s direct en-
ergy cascade [7], where energy flows from large to small
length scales, is a well-established phenomenon observed
across many physical systems. A similar direct cascade has
also been reported in quantum systems, notably in ultracold
atomic gases [8]. In two dimensions, however, turbulence ex-
hibits a distinctive feature: the possibility of an inverse energy
cascade [9,10], in which energy is transferred from small to
large scales. This process enables vortex clustering [11–13]
via a phenomenon known as Onsager vortex formation [14].
Recently, inverse energy cascades have been experimentally
observed in driven homogeneous Bose gases [15].

In parallel, quantum fluids of light [16], based on exciton-
polariton bosonic quasiparticles arising from the strong
coupling between cavity photons and excitons confined in
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semiconductor quantum wells [17], have emerged as a
promising platform to explore quantum fluid physics in
two-dimensional (2D) driven-dissipative systems. In these
systems, steady states result from a balance between driving
and dissipation, making polariton fluids particularly suitable
for investigating properties of nonequilibrium condensates
[18–22] and out-of-equilibrium quantum hydrodynamics.

As in conservative quantum fluids, frictionless flow has
been experimentally demonstrated in nonlinear optical sys-
tems [23,24] and exciton-polariton systems [19,25–28], sig-
naling superfluid behavior. Subsequent studies have explored
various hydrodynamic phenomena, including quantized vor-
tices [29–31], vortex dynamics [32–34], and soliton formation
and stability [35–39]. Together, these pioneering works have
established a solid understanding of out-of-equilibrium quan-
tum hydrodynamics.

The onset of turbulent flows in polariton systems
has primarily been studied in obstacle-flow geometries
[19,27,28,35,40,41], where a polariton fluid interacts with
a localized defect and gradually decays during propagation.
However, a systematic investigation of turbulence in more
symmetric and confined configurations remains scarce [42].
Such geometries would provide access to energy cascades
across multiple length scales, as well as to microscopic vortex
dynamics and clustering phenomena. In this context, coun-
terpropagating laser beams that inject two coherent polariton
fluids constitute a particularly promising configuration, offer-
ing a tunable, extended, high-density interaction region with
independent control over the injected momentum and energy.

In this work, we numerically investigate the emergence
of nonstationary states, precursors of the development of
turbulence behavior, as well as coherent structures in a
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FIG. 1. (a) Schematic of the experimental two-dimensional po-
lariton cavity, showing two counterpropagating pump beams and a
zoom of the 2D pump intensity profile. The scale bar corresponds
to approximately 54 l ′

0 ≈ 75 µm. (b) Illustration of the bare exciton
and cavity mode dispersions (dashed lines), together with the lower
(LP) and upper (UP) polariton dispersions (solid lines). The depicted
dispersions correspond to a system with a Rabi splitting of 2h̄�′ =
3.3 meV and an initial 50:50 exciton-photon composition, which
occurs when the k = 0 photon energy equals the exciton energy.

two-dimensional polariton fluid driven by counterpropa-
gating coherent pumps. Using an exciton-photon coupled
driven-dissipative Gross-Pitaevskii framework, we simulate
the system dynamics over a broad range of parameters and
identify four distinct dynamical regimes that we label as lin-
ear, solitonic, turbulent, and superfluid. These regimes are
characterized using real-space and momentum-space observ-
ables, as well as statistical indicators such as the temporal
first-order coherence function. Our analysis shows that the dif-
ferent regimes originate from the competition between kinetic
and interaction energies within the quantum fluid. Further-
more, we demonstrate that the transitions between regimes are
governed by the interplay of nonlinearity, pump strength, and
laser detuning, allowing us to construct quantitative phase dia-
grams that describe distinct domains of existence. Finally, we
demonstrate that an extended turbulent regime exists within
experimentally realistic parameter ranges that are accessible
in state-of-the-art polariton platforms.

The paper is organized as follows. We first introduce the
theoretical model, the conventions adopted throughout the
work, and the counterpropagating pumping geometry. We
then present the first results of long-time numerical simula-
tions, enabling a clear identification of the four dynamical
regimes. Next, we explain how we construct a phase diagram
and discuss the various possible transitions.

II. MODEL AND GEOMETRY

A. Model equation

Exciton polaritons are bosonic quasiparticles resulting
from the strong coupling between cavity photons and exci-
tons, as schematically illustrated in the left panel of Fig. 1(a).
In a typical experiment setup, optical confinement is achieved
using two distributed Bragg reflectors, which trap pho-
tons at the microscale and endow them with an effective
mass. In addition, one or several quantum wells hosting
excitonic excitations are placed at the antinodes of the cav-
ity electromagnetic field, allowing the system to reach the
strong-coupling regime. Owing to their photonic component,

polaritons exhibit picosecond-scale dynamics and can be op-
tically manipulated and probed with high spatial and temporal
resolution. Their excitonic component provides nonlinear in-
teractions, enabling the emergence of collective phenomena
such as superfluidity and soliton formation.

In the nonlinear driven-dissipative regime, the dynamics
of the excitonic field ψX (r, t ) and the cavity photon field
ψC (r, t ) are accurately described by treating them as strongly
coupled fields. This approach is more general than the gen-
eralized Gross-Pitaevskii equation (GPE), which restricts the
description to the lower polariton (LP) branch and is valid
only when the Rabi coupling energy largely exceeds all
other relevant energy scales [16]. The coupled exciton-photon
framework incorporates additional physical effects, namely
the saturation of exciton-exciton interactions and the mo-
mentum dependence of the polariton composition (Hopfield
coefficients), both of which can significantly modify the sys-
tem’s dynamical behavior.

Within the mean-field approximation, the system dynamics
are therefore governed by a set of coupled equations writ-
ten in the rotating frame of the pump field. For clarity, we
use their normalized (dimensionless) form, given in Eq. (1).
The derivation of these equations and their connection to
the dimensional formulation are detailed in Appendix A.
Throughout the manuscript, quantities carrying a prime (′)
denote dimensional variables and parameters, while unprimed
quantities are dimensionless:

i
∂ψC

∂t
= [−�C − ∇2 + W (r)]ψC − i

γC

2
ψC

+ i

√
γC

2
Finc(r) − 2ψX ,

i
∂ψX

∂t
= (−�X + |ψX |2)ψX − i

γX

2
ψX − 2ψC . (1)

Here, γC,X denote the decay rates of cavity photons and ex-
citons respectively; �C,X = ωC,X − ωp are the corresponding
detunings with respect to the pump angular frequency ωp.
The function Finc(r) describes the spatial amplitude profile
of the incident coherent field, and W (r) accounts for spatial
disorder. In Eq. (1), the Laplacian operator ∇2 appears only
in the photonic equation, since the exciton mass is sufficiently
large that its dispersion can be considered flat over the range
of transverse momenta relevant to the present problem [see
Fig. 1(b)]. For simplicity, we restrict ourselves to equal decay
rates, γC = γX , and include the cavity-pump coupling factor√

γC/2 multiplying the driving term, following the standard
input-output formalism [43].

In this work, we further focus on the resonant case in
which the bare exciton and photon energies at in-plane wave
vector k = 0 coincide: h̄ω′

X (0) = h̄ω′
C (0, k = 0) = h̄�′ [see

Fig. 1(b)]. This condition corresponds to a 50:50 exciton-
photon mixing at zero momentum. In the absence of losses,
driving field, and nonlinearities, the resulting LP and upper
polariton (UP) dispersion relations [16] are given by

E ′
LP,UP(k) = 1

2 {h̄ω′
C (k) + h̄ω′

X

±
√

[h̄ω′
C (k) − h̄ω′

X ]2 + 4h̄2�′2}, (2)

144501-2



EMERGENCE OF TURBULENCE IN A COUNTERFLOW … PHYSICAL REVIEW B 114, 144501 (2026)

where the momentum dependence of the excitonic dispersion
has been neglected due to the large exciton mass. The cor-
responding dispersion curves are shown in Fig. 1(b), with
the energy reference chosen at the lower polariton energy
E ′

LP(k = 0).
To retain broad applicability while ensuring experi-

mental relevance and provide a typical situation allow-
ing visualization of the problem, we provide, throughout
the paper, both dimensionless parameters and their phys-
ical counterparts. The Rabi splitting is fixed by 2h̄�′ =
3.3 meV, which sets the characteristic timescale τ ′

0 = 2/�′ ≈
0.8 ps as well as a typical energy scale Ẽ ′

0 = h̄�′/2 =
0.83 meV. The cavity loss rate is γ ′

c = (40 ps)−1, and the
exciton-exciton interaction strength is h̄g′

X = 0.003 meV µm2.
These parameters define a characteristic length scale l ′

0 =√
h̄/(m′

C�′) = 1.38 µm where the photon effective mass is
chosen as m′

C = 2.4 × 10−5m′
e.

The term W (r) in Eq. (1) represents a spatially disordered
potential, known to arise in polariton experiments [44–46]
due to slight variation of the index of refraction in microcav-
ities due to unavoidable imperfections in cavity fabrication
processes. The latter acts exclusively on the photonic field.
In this work, following Ref. [41], we model the structural
disorder as a Gaussian random potential W (r) with zero mean,
〈〈W (r)〉〉 = 0, and with spatial correlations given by

〈〈W (r1)W (r2)〉〉 = W 2
0 exp

(
−|r1 − r2|2

4σ 2
W

)
, (3)

where 〈〈·〉〉 denotes an average over disorder realizations.
As in Ref. [41] we chose a correlation length σW =
0.36 (σ ′

W = 0.5 µm) and a relative amplitude W0 = 1.43 ×
10−3 (h̄W ′

0 = 1.2 µeV) which remains much smaller than all
other relevant energy scales and therefore acts as a weak
perturbation.

The system dynamics are obtained by numerically integrat-
ing Eq. (1). As discussed in Ref. [41], the presence of disorder
in the physical system breaks the spatial symmetries of the
system and constitutes an essential ingredient for triggering
dynamical instabilities and turbulent behavior [41,47]. It is
important to note that, in nonlinear simulations, unavoidable
numerical errors may also act as effective symmetry-breaking
seeds and artificially induce turbulentlike dynamics. In the
present work, we employ a disorder strength compatible with
experimental values and verify numerically that the emer-
gence of turbulence is independent of the temporal and spatial
discretizations as well as of the grid size. This ensures that
the observed turbulent behavior originates from physical dis-
order rather than numerical artifacts. It also guarantees that
the initial symmetry breaking is induced by a controlled and
physically motivated disorder potential, rather than by uncon-
trolled numerical errors.

B. Counterpropagating pump geometry

We employ a counterpropagating injection scheme in
which two coherent laser beams drive the polariton fluid
with equal amplitudes and opposite in-plane momenta, as
illustrated in Fig. 1(a). The pump profiles are constructed by
truncating Gaussian beams with a sharp spatial cutoff. The
exact mathematical expression of the pump profiles used in

the numerical simulations is provided in Appendix B. Such
steep-edged pump profiles are commonly employed in experi-
ments as a compromise between minimizing phase imprinting
from the external drive and maintaining sufficient optical in-
jection into the cavity. This approach allows the polariton fluid
to evolve according to its intrinsic dynamics, while remain-
ing compatible with experimental power constraints [40,48].
The two lobes are separated by a peak-to-peak distance of
d ′ = 57 l ′

0 ≈ 80 µm, leaving an empty central region of width
approximately 25 l ′

0 ≈ 35 µm. This separation is chosen to
balance two competing requirements: it provides ample space
for the nonlinear dynamics to develop in the central inter-
action region, while remaining compatible with the finite
polariton lifetime, ensuring that the two counterpropagating
flows reach the overlap region without undergoing significant
decay.

III. RESULTS: IDENTIFICATION OF FOUR
DISTINCT REGIMES

The dynamics of the coupled dimensionless Eqs. (1) in
a counterpropagating configuration are computed using a
Fourier split-step method (code available in the open access
GitHub repository [49]). To suppress nonphysical reflections
and recirculation at the boundaries, which is a standard con-
cern in 2D driven-dissipative simulations, spatially varying
losses are applied near the edges. Zero-padding in Fourier
space is also used to minimize aliasing and other frequency
artifacts.

Simulations are performed on a grid of N × N points with
N = 512, spanning a square of length L × L with L = 256
(L′ = 256 l ′

0), giving a pixel size �x = 1/2 (�x′ = l ′
0/2). This

choice ensures that the relevant spatial features of the polari-
ton fluids are well resolved while keeping the computational
cost reasonable.

Starting from an empty system, the pump is switched
on, up to a constant value, using a smooth exponential
ramp f (t ) = 1 − exp(−t/τ ) with τ = 70 τ ′

0, corresponding to
an effective ramp duration ∼3τ 	 210 τ ′

0 (reaching 95% of
the final value), which largely exceeds the relaxation times
1/γC,X = 50 τ ′

0. The system has evolved up to a total time
t ′ � 2000 τ ′

0, including the ramp, which is sufficient to reach
stationary states whenever they exist. Convergence with re-
spect to the system size, spatial resolution, and time step
has been carefully checked to ensure the robustness of the
observed dynamics (see Appendix C).

Figure 2 shows a snapshot in the long-time behavior of the
photonic densities (middle panels), phase profiles (upper pan-
els), and momentum spectra (lower panels). The momentum
spectra are obtained by Fourier transforming the real-space
photonic density in the central region of the fluid, indicated by
the yellow square, which defines our region of interest. In all
four examples [from (a) to (d)], the detuning of the external
laser with respect to the lower polariton branch, defined as
�′ = E ′

L − E ′
LP(k = 0), is fixed at �′ = 0.22Ẽ ′

0 ≈ 0.18 meV
with E ′

L the energy of the pump laser drive. With this defini-
tion, a positive detuning means that the pump energy is higher
than the energy of the lower polariton. In addition, for the
four panels, the pump wave vector is chosen at k′

p = 0.4 l ′−1
0 ≈

0.29 µm−1 and the pump amplitude Finc is varied from 10−3
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FIG. 2. Four distinct regimes are shown: (a) linear (Finc = 10−3), (b) solitonic (Finc = 0.6), (c) turbulent (Finc = 1.2), and (d) superfluid
(Finc = 3.7). For each regime, the top panels display the two-dimensional phase distribution of the photonic field. The middle panels show
the two-dimensional photonic density nC = |
C |2, with the pump positions indicated in red at the 1/e2 contour of its maximum intensity.
The bottom panels present ñC , the normalized momentum-space distribution of the photonic field in the central region [highlighted by the
yellow rectangle in panel (a)], obtained from the two-dimensional Fourier transform of the real-space photonic density, nC . The scale bar
corresponds to 10 µm. Parameters: Rabi splitting 2h̄�′ = 3.3 meV, pump momenta kp = 0.4 ↔ k′

p = 0.29 µm−1, laser detuning � = 0.22 ↔
�′ = 0.18 meV, and loss rates γ = 0.02 ↔ γ ′ = 0.025 ps−1.

to 6. The red delimitation in the real-pace panels is a guide for
the eyes to the region of the external pump driving satisfying
the conditions of Fig. 1(a).

At low pump amplitude, Finc = 10−3 [Fig. 2(a)], the sys-
tem forms a regular standing-wave pattern with alternating π

phase shifts between adjacent fringes, which is the hallmark
of the linear regime. The characteristic wave vector k′

linear =
0.7 l ′−1

0 ≈ 0.5µm−1 associated with this standing wave is de-
termined by the polariton dispersion relation given in Eq. (2).

Increasing the pump amplitude to Finc = 0.6 [Fig. 2(b)]
enhances the fluid density in the central region. As a result,
nonlinear interactions set in, which result in a distortion of
the interference pattern, as clearly visible in the phase distri-
bution. Despite these distortions, the system retains a robust
density-modulated structure, which we identify as the soli-
tonic regime. A more detailed discussion about the labeling
is provided in Appendix D. Compared to the linear case, the
fringes in this regime are more widely spaced, indicating a
reduction of the characteristic wave vector, ksolitonic < klinear.
This shift is also apparent in momentum space, where the blue
circle marks the wave-vector distribution associated with the
linear regime for reference.

At a higher pump amplitude, Finc = 1.2 [Fig. 2(c)], the
system enters a regime in which no stationary state can
be reached. This regime is characterized by continuous
spontaneous vortex nucleation and complex spatiotemporal
dynamics, accompanied by strong fluctuations in both the
phase and density fields. We refer to this regime as the tur-
bulent regime. Although the limited size of the central region
prevents the development of fully developed turbulence in the
conventional sense, the persistent generation of vortices and
the resulting nonstationary dynamics can be considered as a
precursor of turbulence in this counterflow geometry. A more
detailed discussion about the labeling and connection to a
more developed turbulent state is provided in Appendix E.

The onset of turbulence can be traced back to the dynam-
ical instability of solitonic structures, known as the snake
instability [39], whereby solitons destabilize and decay into
multiple vortex-antivortex pairs. In the counterpropagating
geometry considered here, solitonlike structures forming near
the pump regions repeatedly undergo this fragmentation pro-
cess, continuously generating vortices that propagate and
interact within the central overlap region. A representative
sequence of snapshots illustrating this soliton breakup is pro-
vided in Appendix G. The density distribution in Fig. 2(c)
is asymmetric due to the presence of structural disorder
[Eq. (3)], which breaks the parity symmetry of the underlying
equations. In addition, vortex nucleation and strong nonlinear
interactions lead to a redistribution of energy across mo-
mentum space, resulting in the broader spectral distribution
centered around k = 0 observed in Fig. 2(c).

At an even higher pump value, Finc = 3.7 [Fig. 2(d)], the
system reaches a new stationary state, in which the central
region exhibits a flat amplitude distribution with a regular
phase, i.e., without singularities and sudden phase shifts. In
addition, we show that, in that regime, the fluid possesses
a frictionless aspect (see Appendix F) which is a typical
behavior of a superfluid. We therefore label this regime the
superfluid regime. In momentum space, a smooth distribution
around k = 0 is observed, with a typical size determined by
the distance between the two pumps.

Before going further, we discuss the comparison with the
usual GPE description, which restricts the dynamics to the
lower-polariton branch only. In our parameter range, the bare
exciton and photon energies are resonant, resulting in polari-
tons that are, in the linear regime under resonant excitation at
k = 0, a 50:50 mixture of exciton and photon.

As the exciton population increases, mean-field exciton-
exciton interactions induce a blueshift of the excitonic
resonance. This interaction-induced shift leads to an effective
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FIG. 3. Comparison of excitonic and photonic field densities in
our polariton system. Panels (a) and (b) show the spatial profiles of
the excitonic and photonic field densities, respectively, at a fixed time
t ′ = 1980 τ ′

0 = 1643 ps. Both components exhibit the same spatial
distribution, but the excitonic density is lower than the photonic
one. Panel (c) shows the excitonic fraction fX , which quantifies the
matter-light composition of the quasiparticles. The central region
(black box) highlights a balanced regime in which the excitonic
fraction averages to 0.47.

exciton-photon detuning, which modifies the exciton-photon
composition of the polariton and progressively favors its pho-
tonic component. As a consequence, a regime is reached
where the photonic density continues to increase with pump
power, while the excitonic density exhibits a tendency to
saturate [16]. Such a redistribution between excitonic and
photonic components cannot be captured within the stan-
dard lower-polariton Gross-Pitaevskii equation framework,
where the polariton composition is fixed by construction. We
quantify this effect by defining local photonic and excitonic
fractions based on the corresponding relative densities as

fC,X (r, t ) = |
C,X (r, t )|2
|
C (r, t )|2 + |
X (r, t )|2 . (4)

Figures 3(a) and 3(b) show the excitonic and photonic den-
sities at a fixed time for the same long-time dynamical regime
as in Fig. 2(c). From these densities, we extract the local
excitonic fraction, displayed in Fig. 3(c), which reveals pro-
nounced spatial variations. Since this fraction directly controls
the effective interaction strength in the system, its spatial and
temporal dependence can significantly influence the resulting
dynamics. This figure shows that polaritons are not exactly
a 50:50 exciton-photon mixture, and that a standard single-
component Gross-Pitaevskii description would fail to provide
reliable quantitative predictions. The spatial and temporal de-
pendence of the excitonic and photonic fractions therefore
justifies the use of the coupled exciton-photon equations em-
ployed throughout this work.

Within the coupled equation description, we look for a
quantitative criterion allowing us to distinguish the different
regimes. To this end, we propose to analyze the competi-
tion between kinetic and interaction energies. We introduce
the time-dependent, spatially averaged kinetic energy per

FIG. 4. Linear-scale plot of the ratio between interaction and
kinetic energy, accompanied by a panel showing the same ratio on a
logarithmic (y-axis) scale. For each point, the ratio is evaluated over
a time interval of 500 τ ′

0 ≈ 400 ps, long compared to the dynamical
timescale, allowing the turbulent dynamics to be properly averaged
and removing time dependence. Red points indicate the mean value
of the energy ratio for each regime, while black bars represent the
standard deviation. Each point corresponds to a single simulation;
the same simulations are used in Fig. 5(a).

polariton as

Ẽkin(t ) =
∫

S fC (r, t ) |∇
C (r, t )|2 dr∫
S |
C (r, t )|2 dr

, (5)

with S denoting the region of interest (yellow square in Fig. 2).
Similarly, we evaluate the time-dependent and spatially aver-
aged mean-field interaction energy per polariton as

Ẽint (t ) = 〈 fX (r, t ) |
X (r, t )|2〉r. (6)

Importantly, both energies are spatially averaged over the
same region S, allowing for a consistent global comparison
of the relative roles of kinetic and interaction effects across
the different regimes.

Figure 2 shows that, as the pump strength increases, the
system progressively populates smaller momentum compo-
nents, indicating a reduction of the kinetic energy. At the
same time, the interaction energy, proportional to the exciton
density |
X |2, increases accordingly (not shown). This be-
havior reflects a competition between kinetic and interaction
energies and can be quantified by defining the energy ratio
η̃(t ) = Ẽint(t )/Ẽkin(t ).

In the following, kinetic energies are time averaged over
an interval of 500 τ ′

0 ≈ 400 ps, which is long compared to
the characteristic dynamical timescale. This procedure allows
the turbulent dynamics to be properly averaged and removes
residual time dependence. In Fig. 4, the ratio η = 〈η̃(t )〉t

is plotted on both linear and logarithmic scales for clarity.
We gather results from 70 different numerical simulations
spanning the four regimes, with various (�, Finc) parameters
in the ranges � ∈ [0, 0.4] ↔ �′ ∈ [0, 0.32] meV and Finc ∈
[0, 3.7] ↔ Ipeak ∈ [0, 2.29] mW µm−2.

In the linear regime, interactions are negligible, and the
injected energy is entirely stored in the kinetic contribu-
tion, corresponding to η � 1. In the solitonic regime, a
reduction of the characteristic wave vector in momentum
space is observed, indicating a redistribution of the injected
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energy toward interaction effects at the expense of the ki-
netic energy, as captured by the larger value η = 1 ± 0.7. In
the turbulent regime, the ratio is η = 3.2 ± 1.5, and interac-
tions are strong enough to destabilize solitonic states [38],
triggering the snake instability and leading to vortex nucle-
ation. Although the interaction energy dominates over the
kinetic energy in this regime, both remain of the same order
of magnitude. At even higher densities, interaction effects
strongly dominate: the system evolves toward a superfluidlike
stationary state with η 
 1, in which solitons are no longer
supported. We note that the solitonic and turbulent regimes
exist within the same range of energy ratio [η = O(1)], so that
they cannot be sharply distinguished using energetic criteria.
Further details are provided in Appendix H.

These regimes were previously reported in a configuration
in which the polariton fluid encountered a localized obstacle
[40]. In that work, vortex nucleation appeared in the low-
density region behind the obstacle. In our geometry, two main
differences emerge. First, vortex nucleation occurs within a
high-density region, yielding a strong signal and providing a
favorable setting to experimentally study turbulence. Second,
unlike the flow case where a well-defined local Landau cri-
terion can be applied, the counterpropagating configuration
does not provide a well-defined fluid velocity in the central
region. Consequently, no a priori threshold can be formulated
to predict whether superfluidity or a turbulent regime will
occur. Nevertheless, as shown in Fig. 4, we retain the idea that
the competition between kinetic and interaction energies gov-
erns the transitions. An a posteriori classification is therefore
introduced to distinguish the regimes, in particular to separate
stationary from turbulent dynamics.

IV. PHASE DIAGRAM AND TURBULENCE MAPPING

In this section, our aim is to identify the region of exis-
tence of the turbulent regime in the system parameter space,
quantitatively. We use the fact that turbulent regimes are
characterized by nonstationary dynamics, whose magnitude
can be quantified by introducing the time-averaged first-order
coherence function [35,41]

g(1)(r) = | 〈
C (r, t )〉t |√
〈|
C (r, t )|2〉t

=
∣∣ 1

N

∑N
n=1 
C (r, n)

∣∣√
1
N

∑N
n=1 |
C (r, n)|2

, (7)

where 
C (r, n) is the photonic field at a fixed position r (near
the center of the interference region) and at time index n. The
function g(1)(r) ranges from zero, corresponding to a field
whose phase fluctuates uniformly on the complex circle over
time, to 1, indicating a perfectly stationary field. An example
of a g(1)(r) space distribution is provided in Appendix I for
clarity in a specific turbulent case. By averaging this quantity
over space in the region of interest (central region defined
by yellow square in Fig. 2), we obtain a scalar “order pa-
rameter” g(1) = 〈g(1)(r)〉r that serves as a diagnostic for the
degree of stationarity. In the linear and solitonic regimes,
the field remains temporally coherent, yielding g(1) 	 1. Tur-
bulent dynamics impede the establishment of a stationary
regime, providing a g(1) function significantly below 1. In the
superfluid regime, the stationary is restored, with g(1) 	 1.

Turbulence emergence across different parameters is
probed by examining the dependence of g(1) on the pump
amplitude Finc and the laser detuning � from the lower-
polariton energy, at fixed pump wave vector k′

p = 0.4 l ′−1
0 ≈

0.29 µm−1. For each couple (Finc,�), we simulate the long-
time dynamics (up to t ′ = 2000τ ′

0) and extract the value
of the temporal coherence g(1) averaged over �t ′ = 100τ ′

0.
Figure 5(a) shows a phase diagram where the color scale
represents the spatially averaged coherence g(1), with bright
regions indicating reduced coherence. The simulations are
only performed for the white points indicated in the diagram,
and an interpolation is done in between the points for clarity.
Using the classification introduced in Fig. 2, based on the
spectrum, phase, and density profile, we label the regimes
where the g(1) ≈ 1 as either superfluid, solitonic, or linear,
depending on the presence of fringes, few solitonic deeps, or
a flat profile in the density. Note that the four yellow points
indicated on the line � = 0.22 correspond to the four cases
associated with the four different regimes shown in Fig. 2.

To investigate transitions between different regimes, we
consider several paths across the diagram, marked by arrows.
Green arrows correspond to a trajectory at fixed detuning
� ≈ 0.22, where the pump amplitude progressively increases.
Along this path, the system passes through a reduced-
coherence region between pump powers of Finc ≈ 0.6 and 2.4.
Red arrows indicates a path at fixed pump power Finc ≈ 1.5,
where the detuning increases. The turbulent region along this
trajectory spans � ≈ 0.07–0.36.

At very low pump power, in the green area, the sys-
tem resides in the linear regime. Here, the exciton density
is too low, the interactions are negligible, and the inter-
ference pattern formed by the counterpropagating pumps
remains stable over time. As the pump power increases,
nonlinear effects become significant, giving rise to two soli-
tonic phases (indicated in red) or to a turbulent regime. One
solitonic phase appears at detuning above � ≈ 0.22, while
the second occurs below � ≈ 0.09. Interestingly, no soli-
tonic phase is observed for detunings between � ≈ 0.09 and
0.22, which might be associated with stability constraints
for solitons in driven-dissipative systems [50]. Examination
of stability criteria for solitons in our configuration with
coupled-GPE description would allow us to obtain a pre-
dictive power on the establishment of turbulent regimes, but
goes beyond the aim of this paper. Finally, at pump powers
above Finc ≈ 3 and detunings larger than � ≈ 0.09, interac-
tions dominate, and the system reaches a stable superfluid
regime.

Transitions to the turbulent regime can occur in different
ways. For some detunings (� = 0.1–0.22), the system jumps
directly from the linear to the turbulent regime. For others
(� = 0.22, for example), the transition is gradual, passing
through the solitonic regime.

As shown by the energy analysis, turbulence appears when
the interaction energy becomes comparable to, and slightly
larger than, the kinetic energy, while remaining of the same
order of magnitude. This condition can be reached by increas-
ing the pump power beyond the solitonic regime, provided
interactions are not yet saturated. Alternatively, the system
may jump directly from the linear regime to a superfluid state,
bypassing the solitonic regime altogether.
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(mW �m-2) (mW �m-2)

FIG. 5. Phase diagrams of the polariton fluid in the (Finc, �) plane. (a) Phase diagram for the input wave vector k′
p = 0.4 l ′−1

0 = 0.29 µm−1.
(b) Phase diagram for the input wave vector k′

p = 0.6 l ′−1
0 = 0.43 µm−1. The color scale indicates the spatially averaged temporal coherence

g(1), which serves as a marker for stationarity and turbulence. Dark regions correspond to stationary regimes (linear, solitonic, superfluid),
while bright zones indicate the emergence of turbulence. The zones are placed by hand to give an approximate indication of the different
regimes. Each white points are a simulation, and yellow points are those used for Fig. 2. Parameters: Rabi splitting 2h̄� = 3.3 meV, loss rates
γ = 0.02 ↔ γ ′ = 0.025 ps−1, chosen photon wavelength λ = 854 nm, and the interaction strength between excitons h̄g′

X = 0.003 meV µm2.

We also investigate a different scenario where the input
pump momentum is larger and has the value k′

p = 0.6 l ′−1
0 	

0.43 µm−1. This investigation is motivated by the fact that
it is relevant experimentally, as kp offers an additional ex-
perimental controllable parameter. We thus perform similar
numerical analysis (over roughly 40 different parameter con-
figurations) and show the phase diagram for k′

p = 0.6 l ′−1
0 in

Fig. 5(b), which is different compared to the k′
p = 0.4 l ′−1

0
case of Fig. 5(a). The turbulent region broadens markedly
and extends toward both larger detunings � and higher pump
amplitudes Finc. In addition, the values of g(1) are substantially
lower in this region, indicating a stronger and more developed
turbulent dynamics. A stationary regime is still observed at
low pump amplitudes and for detunings below � 	 0.09,
similarly to the lower-kp case. This quantitative change is
mainly due to a different injection efficiency due to the input
momentum of the pump associated with a different possibility
for interaction to set in and counterbalance kinetic energy to
establish a turbulent regime.

For completeness, we also examined the phase map for
a smaller pump momentum k′

p = 0.2 l ′−1
0 	 0.14 µm−1. In

this case, the turbulent region nearly disappears, reinforcing
our interpretation: small kp does not prevent interactions,
but it prevents the system from reaching the right “bal-
ance” between kinetic and interaction energy to support
turbulence.

As a summary, the coherence maps in Fig. 5(a) reveal a
clear reentrant structure: the system can evolve from coherent
to turbulent and back to coherent regimes (green and red ar-

rows), following a coherence-turbulence-coherence sequence.
The turbulent domain forms a distinct, connected region in
the (�, Finc) parameter space, whose size and position are
strongly controlled by the pump momentum. The pump sep-
aration also plays an important role. When the pumps are
further apart, achieving a balance between polariton density
and kinetic energy becomes more difficult. Cavity losses and
the effective density saturation induced by detuning and in-
teractions limit the conditions under which turbulence can
develop.

V. CONCLUSION AND OUTLOOK

In summary, we have numerically investigated the non-
linear dynamics of a two-dimensional exciton-polariton fluid
under a counterpropagating coherent drive. By exploring the
interplay between pump intensity and detuning, we identified
a rich dynamical landscape featuring four distinct regimes:
linear, solitonic, turbulent, and superfluid. These regimes arise
from the balance between interaction and kinetic energies, and
the coherence map provides a concise summary of the pa-
rameter regions (detuning and pump power) where turbulence
is observed. Employing a realistic exciton-photon model that
incorporates correlated disorder, we further identify robust
signatures of these states across real-space, momentum-space,
and temporal coherence observables.

It is important to note that in this work we have seen
that solitons play an important role to establish and maintain
the turbulence regime. Indeed, the counterpropagating scheme
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enables the creation of unstable solitons in the central region
that continuously destabilize into vortex pairs and emulate
turbulent behavior. This process constitutes a natural higher-
dimensional generalization of the phase-controlled bistability
studied in one-dimensional (1D) systems where dark soliton
trains were observed, such as those by Goblot et al. [51].
While a longitudinal confinement smaller than the healing
length (quasi-1D) can stabilize solitonic structures, the 2D
geometry allows the existence of a parameter region where
repeated fragmentations of solitons lead to the nucleation
of 2D excitations (vortices) and thus the establishment of a
turbulent regime.

Regarding our modelization framework, we employ a
minimalist exciton-photon coupled model that captures the
essential physics without relying on arbitrary fitting pa-
rameters. This ensures that our results are transparent and
directly comparable to experiments, with parameters, in-
cluding photonic lifetimes and interaction strengths, fully
compatible with state-of-the-art microcavity setups. Using
this model, the coherence maps in Fig. 5(a) for an injection
momentum k′

p = 0.29 µm−1 indicate the conditions under
which turbulence arises. Specifically, turbulence occurs for
detunings between 0.07 and 0.28 meV and for peak pump
intensities from 0.01 to 1.5 mW/µm2, which corresponds
to a total pump power between 35 mW and 2.6 W for the
pump profile used in our simulations. These results demon-
strate that turbulence should be experimentally accessible in
this counterpropagating configuration over a wide range of
parameters.

Taken together, our findings establish the counterpropa-
gating geometry as a powerful and experimentally viable
platform for studying out-of-equilibrium quantum fluids. By
demonstrating that turbulence is a detectable and persistent
phase within reachable parameter ranges, this work opens
avenues for systematic investigations of driven-dissipative
turbulence. It also provides a strategy for exploring energy
cascades, vortex clustering statistics, and universal scaling
laws, bringing long-standing questions of quantum turbulence
and energy transfer in mesoscopic light-matter fluids within
reach of direct experimental observation.

ACKNOWLEDGMENTS

We thank Iacopo Carusotto, Ivan Amelio, Jacqueline
Bloch, Sylvain Ravets, and Nicolas Pernet for fruitful discus-
sions. This work was supported by the European Research
Council grant EmergenTopo (Grant No. 865151), the Euro-
pean Union’s Horizon 2020 research and innovation program
under the Marie Skłodowska-Curie Grant Agreement No.
101108433, the French government under the France-2030
program and through the Programme Investissement d’Avenir
(I-SITE Grant No. ULNE/ANR-16-IDEX-0004 ULNE) man-
aged by the Agence Nationale de la Recherche, the Labex
CEMPI (Grant No. ANR-11-LABX-0007), the JCJC project
Q-FLIGHTS under Grant No. ANR-25-CE57-2267, the
region Hauts-de-France, the CDP C2EMPI (Grant No. R-
CDP-24-004-C2EMPI), the University of Lille, the Initiative
of Excellence of the University of Lille, and the European
Metropolis of Lille.

DATA AVAILABILITY

The data that support the findings of this article are openly
available [52].

APPENDIX A: COUPLED EQUATIONS

The dynamics of the coupled cavity photon and exciton
fields are described by the following driven-dissipative Gross-
Pitaevskii equations:

ih̄
∂ψ ′

C

∂t ′ = h̄

(
−�′

C − h̄∇′2

2m′
C

+ W ′(r)

)
ψ ′

C − ih̄γ ′
C

2
ψ ′

C

+ ih̄

√
γ ′

C

2
F ′

inc(r) − h̄�′ψ ′
X ,

ih̄
∂ψ ′

X

∂t ′ = h̄

(
−�′

X − h̄∇′2

2m′
X

+ g′
X |ψ ′

X |2
)

ψ ′
X

− ih̄γ ′
X

2
ψ ′

X − h̄�′ψ ′
C . (A1)

Here, m′
C and m′

X denote the effective masses of the cav-
ity photon and exciton fields, respectively. The parameter
g′

X characterizes the strength of exciton-exciton interactions,
while γ ′

C and γ ′
X represent the decay rates of photons and

excitons. The detunings �′
C,X = ω′

C,X − ω′
p are defined with

respect to the pump angular frequency ω′
p, and �′ denotes

the Rabi splitting. The coherent pump field is described by
F ′

inc(r), which specifies the spatial profile of the external laser
driving the cavity. The term W ′(r) represents a static disorder
potential acting exclusively on the photonic field.

1. Dimensionless formulation

To facilitate numerical simulations, we introduce dimen-
sionless variables and parameters (denoted without a prime;
the counterparts with a prime have units) defined as

t = �′

2
t ′, r =

√
m′

C�′

h̄
r′,

ψC,X =
√

2g′
X

�′ ψ ′
C,X , Finc = 2

√
g′

X

�′ F ′
inc,

γC,X = 2

�′ γ ′
C,X , �C,X = 2

�′ �′
C,X .

In addition, we define �′ = E ′
p − E ′

LP(k = 0) as the energy
detuning between the laser pump angular frequency and the
lower polariton resonance at zero momentum. The charac-
teristic timescale associated with Rabi oscillations is given
by τ ′ = 2/�′, while the natural length scale of the system

is the cavity length l ′
C =

√
h̄

m′
C�′ and the rescaled disorder is

W (r) = 2
�′ W ′(r).

Table I summarizes the physical parameters and their cor-
responding dimensionless quantities, based on representative
experimental values. In this work, we focus on the case where
the bare exciton and photon energies are initially resonant,
corresponding to the standard 50:50 lower polariton compo-
sition. Injecting the rescaled variables of Table I in Eq. (A1)
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TABLE I. Relations between dimensional and rescaled (di-
mensionless) physical quantities based on realistic experimental
parameters.

Rescaled variables Parameters

t ′ = 2
�R

t = (0.80 ps) t m′
C = 2.4 × 10−5m′

e

2h̄�′ = 3.3 meV
r′ = l ′

Cr = (1.38 µm) r
∇′ = ∇/l ′

C = (0.72 µm−1) ∇ σ ′
W = 0.5 µm

h̄W ′
0 = 1.3 µeV

h̄g′
X = 0.003 meV µm2

ψ ′
C =

√
�′

2g′
X

ψC = (16.58 µm−1) ψC h̄γ ′
C/2 = 8.2 µeV

ψ ′
X =

√
�

2g′
X

ψX = (16.58 µm−1) ψX h̄γ ′
X /2 = 8.2 µeV

h̄γ ′
LP/2 = 8.2 µeV

h̄ω′
C = 1.65 meV

|F ′
inc|2 = ( �′

2
√

g′
X

)2|Finc|2 h̄ω′
X = 1.65 meV

= (345.15 µm−2 ps−1) |Finc|2 h̄�′
LP = 0 meV

allows obtaining the two coupled equations Eq. (A2):

i
∂ψC

∂t
= [−�C − ∇2 + W (r)]ψC − i

γC

2
ψC

+ i

√
γC

2
Finc(r) − 2ψX ,

i
∂ψX

∂t
= (−�X + |ψX |2)ψX − i

γX

2
ψX − 2ψC . (A2)

APPENDIX B: PUMP PROFILE

We consider a spatial profile of the two pump beams,
represented in Fig. 6, which can be given by

P(r) = exp

(
− x2

2σ 2
x

− y2

2σ 2
y

)
− exp

(
− |x|3

2σ 3
c

− y2

2σ 2
y

)
,

Finc(r) = FincP(x + d, y) eikp·r + FincP(x − d, y) e−ikp·r.
(B1)

Typical values used throughout this work are σ ′
c = 40 l ′

0 =
55 µm, σ ′

x = 25 l ′
0 = 35 µm, σ ′

y = 20 l ′
0 = 28 µm, d ′ =

7.5 l ′
0 = 10 µm, and kp = 0.4 l ′−1

0 = 0.29 µm−1. Here, σ ′
x,y

denote the widths of the uncut Gaussian pump spot along the x
and y directions, while σ ′

c sets the characteristic length scale of

FIG. 6. Spatial distribution of the pump profile associated with
Eq. (B1). The white scale bar length is ≈33 µm.

FIG. 7. Sensitivity of the relative error at the fixed time t ′
0 =

2000 τ ′
0 = 1600 ps to the discretization parameters. The bars corre-

spond to spatial refinement (�x → �x/2), increase of the system
size at fixed spatial resolution (L → 2L), and temporal refinement
(�t → �t/2).

the smooth cutting function. All parameters are expressed in
dimensionless units in the numerical simulations; the values
quoted above correspond to typical experimental orders of
magnitude in GaAs-based microcavities.

The second term in P(r) acts as a cutting function, enforc-
ing a smooth yet rapid spatial decay over the length scale
σc. Such steep pump profiles are commonly employed in
polariton fluid dynamics to avoid imprinting the phase of the
external laser onto the condensate and to allow the system to
evolve according to its intrinsic nonlinear dynamics [40,48].

Finally, the two sides of the pump profile are separated by
a distance 2d , and opposite in-plane wave vectors ±kp are
assigned to each side. Importantly, this type of configuration
is readily achievable experimentally using spatial light mod-
ulators or tailored optical masks, which allow independent
control of the cutting region, the pump separation d , and
the injected momentum. We therefore consider a generic yet
experimentally compatible pumping scheme, representative of
current polariton-fluid experiments.

APPENDIX C: CODE ROBUSTNESS

To establish the reliability of the physical phenomena
discussed in the main text, we conducted a comprehensive
convergence analysis of the key numerical parameters. In
particular, we verified that the observed dynamics are insen-
sitive to variations in system size, spatial discretization, and
temporal resolution, within the chosen numerical tolerances.

Specifically, we independently varied the spatial step �x,
the time step �t , and the system size N (Fig. 7) to assess the
robustness of the reported dynamical regimes. Relative errors
were computed over a 10 × 10 central region, corresponding
to the primary area of physical interest. The analysis focuses
on the superfluid regime, which corresponds to the highest-
density configuration and thus exhibits the strongest nonlinear
effects. As a result, this regime provides the most stringent test
of the numerical stability and accuracy of the simulations.
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FIG. 8. Evolution of the central excitonic density (linked to the
interaction energy) as a function of the input power (dimensionless
unit). The insets linked to the blue points show the density and phase
profile corresponding to the simulated point. The dashed black line
corresponds to the linear relation between the central density and the
pump power based on the first three points. Parameters: � = 0.22
and kp = 0.4.

The relative error is defined as

err(t ) =
∑

(i, j)∈S |ψ (t, i, j) − ψref (t, i, j)|2∑
(i, j)∈S |ψref (t, i, j)|2 , (C1)

where ψref denotes the reference solution, t is a fixed time,
and S is the spatial region of size Nx × Ny.

Reducing �x or �t by a factor of 2 produces deviations
below 10−4, indicating that the results are well converged with
respect to discretization. Increasing the system size L by a
factor of 2 yields a larger deviation on the order of 10−3,
showing that finite-size effects are the dominant source of
quantitative uncertainty.

Importantly, in all cases considered, the system converges
to the same dynamical regime with identical qualitative char-
acteristics. This demonstrates that the observed phenomena
are physically robust and not a consequence of numerical
artifacts.

APPENDIX D: SOLITONIC REGIME

To further clarify our definition of the “solitonic regime,”
we follow the convention adopted in the polariton community
[47,51], where a dark soliton is characterized by a localized
density depletion accompanied by a π phase jump in the
regime where nonlinear effects become significant. Within
this framework, the well-defined fringes observed beyond
the linear-response regime, i.e. when the central density no
longer scales linearly with the pump power, are identified as
solitonic structures. To illustrate this transition, we performed
simulations showing, in Fig. 8, the evolution of the central
excitonic density (which quantifies the nonlinear response) as
a function of the injected energy (expressed in dimensionless
units). These results reveal a sharp increase in the nonlinear
response for F 2

inc > 0.8, which can be attributed to the onset
of bistability. Together with the π -like phase discontinuities
reported in Fig. 2(b) and the localized density depletion, these
observations support the identification of a solitonlike regime

FIG. 9. Density and phase profile of the photonic part. The
white dashed line shows the pump regions and the blue full line
delineates the confinement potential. All the values are in di-
mensionless units. Simulation parameters: � = 0.33, Finc = 2.47,
and kp = 0.4.

in our system. A similar transition from a linear to a soli-
tonic regime has been reported in one-dimensional systems
in Ref. [51].

APPENDIX E: TURBULENT REGIME

The regime labeled as the “turbulent regime,” shown in
Fig. 2(c), does not correspond to fully developed turbulence in
the conventional sense. Due to the limited size of the central
region, the minimal configuration considered in this work
does not support the coexistence of a large number of vortices
and phononic excitations. Nevertheless, it exhibits a genuinely
nonstationary regime in which vortices are continuously nu-
cleated and annihilated, providing strong evidence for a state
that is a precursor for turbulent behavior in a counterflow
polariton fluid. To illustrate how turbulent dynamics could
develop in a larger system, we present an example using a
slightly modified configuration. As discussed in the Outlook
of the manuscript, a natural next step is to introduce a con-
finement potential and increase the system (distance between
the two pumps), thereby providing additional space for the
dynamics to develop. Figure 9 shows that this extended ge-
ometry supports significantly richer turbulent patterns, where
multiple vortices are interacting together with sound excita-
tions, than those observed in the minimal configuration. These
results suggest that increasing the system size provides access
to more complex turbulent dynamics while remaining within
a parameter range comparable to that explored in the phase
diagram of Fig. 5.
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FIG. 10. Phase and density profile of the photonic field in the
presence of a defect at the center. This simulation has been made
with the same parameters as the one in the main text of the paper:
P = 3.7, � = 0.4, and kp = 0.4 (dimensionless units). The defect
diameter is about ≈2ξ (black centered dot).

APPENDIX F: SUPERFLUID REGIME

To provide further elements allowing us to characterize a
superfluid regime, we perform additional numerical simula-
tions where a defect (repulsive potential of approximately 2ξ

size as diameter) is introduced between the two pumps. Fig-
ure 10 presents the density and phase profiles of the excitonic
field at a fixed time. As expected for a superfluid, the flow
remains unperturbed by the defect, with no density ripples or
phase distortions observed, indicating frictionless properties
in that regime compatible with superfluid behavior.

APPENDIX G: SNEAK INSTABILITY

The transition to a sustained turbulent regime is driven by
a recurrent cycle of soliton formation and subsequent decay.
Figure 11 illustrates the initial triggering of the snake instabil-
ity (t = 27 to 50), where the transverse undulation of the dark
soliton filaments leads to the nucleation of vortex-antivortex
pairs.

Crucially, the dynamics do not stop after this first event.
As shown in the final snapshot (t = 150), the system contin-
uously regenerates solitoniclike structures which, due to the
persistent transverse instability, repeatedly undergo snaking
and break down (highlighted in green). This cyclical process
of soliton formation followed by destabilization acts as a
sustained source of quantized vortices, thereby maintaining
the system in a disordered, turbulent state. This feedback
mechanism ensures that the dynamical features reported in
the main text are not transient but correspond to a robust,
self-sustaining regime.

FIG. 11. Example of the snake instability observed in the pho-
tonic density. The snapshots within the red rectangle show the first
snake instability, where solitons destabilize and break into vortices.
The last snapshot illustrates another instance of vortex generation
through soliton destabilization: the soliton highlighted in green on
the right breaks into two vortices, which are circled in green. Param-
eters: 1t = 10τ ′

0, � = 0.22, Finc = 1.2, and kp = 0.4.

APPENDIX H: ENERGY RATIO

As discussed in Sec. III, the energy ratio η = Eint/Ekin

provides an intuitive metric to characterize the different
dynamical regimes. The linear and superfluid regimes corre-
spond to well-defined limiting cases, where the dynamics is
dominated by kinetic energy (η � 1) and interaction energy
(η 
 1), respectively. In contrast, the solitonic and turbulent
regimes occupy an intermediate range of η and exhibit a
substantial overlap in their energy-ratio distributions.

This overlap is quantified in Fig. 12(a), which displays the
cross probabilities, defined as the probability of identifying
a target regime when the energy ratio is chosen within the
interval ηref ± σref of a reference regime. A key observation
is that the linear and superfluid regimes are clearly separated
from the others: the corresponding cross probabilities vanish
for all nonreference regimes, confirming their role as distinct
limiting cases.

By contrast, the solitonic and turbulent regimes are
strongly mixed, indicating a significant ambiguity in their
energetic classification. For instance, an energy ratio selected
within the solitonic range is identified as turbulent in ap-
proximately 25% of the cases, highlighting the strong overlap
between these regimes.

Further insight is provided by Fig. 12(b), which shows the
fraction of realizations falling within the ±1σ energy-ratio
interval of each regime. This panel reveals that the dispersion

(a) (b)

FIG. 12. (a) Probability of identifying the target regime given
that the energy ratio is selected within the range ηref ± σref . (b) Prob-
ability that the energy ratio lies within the interval ηA ± σA, given
that the selected ratio belongs to regime A.
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�

�

FIG. 13. Spatial map of the first-order coherence function g(1)(r).
The colormap represents the magnitude of g(1)(r) in the (X,Y ) plane.

of η increases with its mean value, indicating increasingly
large fluctuations of the energy ratio as interactions become
more dominant.

Overall, Fig. 12 demonstrates that while the energy ratio
η is a powerful tool for a qualitative understanding of the
different regimes, it does not allow for a sharp or unambiguous
classification, particularly between the solitonic and turbulent

regimes. This limitation motivates the use of the first-order
coherence function as a more discriminating observable in the
analysis.

APPENDIX I: FIRST-ORDER COHERENCE

To characterize the spatial coherence of the system in the
turbulent regime, we compute the time-averaged first-order
coherence function g(1)(r) over a selected region of interest.
This analysis highlights how turbulence affects the local phase
and density correlations, providing a clear signature of nonsta-
tionary dynamics.

Figure 13 presents the time-averaged first-order coher-
ence function g(1)(r), computed over 500τ ′

0 ≈ 400 ps in the
turbulent regime and evaluated within the region of interest
highlighted in yellow in Fig. 2. Black areas correspond to sta-
tionary dynamics, whereas yellow areas reveal nonstationary
behavior. In all other regimes, the region of interest used to
compute the scalar coherence indicator is entirely black.

In the turbulent regime shown here, solitons, corresponding
to reduced-density regions, dynamically break up into vor-
tices. This process leads to a local reduction of the first-order
coherence (yellow regions), with g(1)(r) ≈ 0. In the remaining
regions of space (black regions), the dynamics is mostly sta-
tionary during the integration time and resembles a superfluid
regime, characterized by a nearly uniform density and a flat
phase. As a result, the spatially averaged first-order coherence
remains nonzero, with 〈g(1)〉 ≈ 0.75.
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