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We study the noisy dynamics of periodically driven, discrete-step quantum walks in a one-dimensional
photonic lattice. We find that in the bulk, temporal noise that is constant within a Floquet period leads to
decoherence-free momentum subspaces, whereas fully random noise destroys coherence in a few time steps.
When considering topological edge states, we observe decoherence no matter the type of temporal noise.
To explain these results, we derive a nonperturbative master equation to describe the system’s dynamics. We
experimentally confirm our findings in a time multiplexed photonic lattice implemented in a double-fiber ring
setup subject to laser pulse input states, in which we engineer different types of temporal noise.
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Quantum walks [1], the quantum analog of classical ran-
dom walks, have emerged as a powerful framework for
exploring quantum transport [2,3], designing quantum al-
gorithms [4–6], and simulating complex quantum systems
[7–11]. Among these, discrete-step quantum walks (DSQWs)
in which an initial state evolves in a lattice of waveguides sub-
ject to a cascade of discrete unitary operations, have proven
highly adaptable for both theoretical investigations and ex-
perimental realizations. They provide a way to coherently
manipulate quantum states over many time steps [12–14],
and they are perfectly suited for simulating condensed-matter
phenomena such as ballistic spreading [15], Bloch oscillations
[16–19], localization [3], gauge fields [20–22], topological
phases [23,24], and non-Hermitian dynamics [25–29].

The discrete-step nature of DSQWs renders them ideally
suited for modeling Floquet lattices subject to periodic driv-
ing, which have been shown to lead to exotic nonequilibrium
phases without a static equivalent, such as anomalous Floquet
topological insulators [23,30–33]. Furthermore, the step-by-
step evolution in DSQWs introduces additional topological
features such as winding bands [17] and extrinsic topology
[34–36], which allows controlling the number of topological
edge states without requiring changes in the bulk.

However, real-world quantum systems are inevitably
exposed to environmental noise and decoherence. Under-
standing how noise affects DSQWs is essential both for their
technological deployment and for establishing their robust-
ness as quantum simulators. Noise can degrade coherence,
suppress interference, delocalize edge modes, and induce
classical dynamics, thereby limiting the quantum walk’s
ability to outperform classical counterparts [37–41]. Con-
sequently, studying noisy DSQWs is not only crucial for
practical quantum technologies but also serves as a theoretical
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laboratory for exploring the interplay between decoherence,
periodic driving, and topological protection.

In this work, we investigate the dynamics of DSQWs in
a one-dimensional lattice in the presence of temporal noise,
focusing on how the dynamics of initially localized wave
packets is affected both in the bulk and in the topological edge
states. We consider a lattice of cascaded unitary operators in
which DSQWs are periodic in time with a characteristic Flo-
quet period. We derive a non-perturbative expression for the
master equation governing the dynamics of the density matrix,
averaged over noise realizations. This allows us to show that
it is possible to find controllable decoherence-free subspaces
in momentum space for the bulk dynamics when the noise
is constant within a Floquet period. If noise is random also
within the Floquet period, it destroys coherence in a few time
steps. In the case of a topological edge state, we observe
decoherence regardless of the type of temporal noise.

We experimentally demonstrate our findings by realizing a
noisy DSQW for light pulses in a setup of two coupled fiber
loops [24,35,42]. This time-multiplexed architecture allows
for large-scale quantum walks in a lattice with high stability
and excellent control over both unitary operations and engi-
neered noise. Even though our experiments are done in the
classical regime using coherent laser sources as input states,
the results can be applied to quantum communications and
photonic quantum information processing [14].

The paper is structured as follows. Section I describes the
discrete-step lattice model and the effect of different types
of noise in the bulk of the lattice. Section II addresses the
decoherence of topological edge states in the presence of
noise. The final section discusses implications of this work.

I. BULK NOISY DYNAMICS

To investigate the effect of temporal noise in DSQWs, we
consider a lattice of cascaded unitary operators like the one
illustrated in Fig. 1(b). It can be experimentally implemented
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FIG. 1. (a) Scheme of the experimental setup with beam splitters
(BS), variable beam splitter (VBS), electro-optic modulator (EOM),
phase modulator (PM), photodiodes (PD), amplifier (G), and fre-
quency shifter (FS) to create a local oscillator for the measurement
of the eigenvectors and eigenvalues. The α and β rings have a length
of 45.34 and 44.63 m, respectively. (b) Discrete-step lattice after
time demultiplexing of the pulses in the double ring with θ and ϕ

correspond to couplings from VBS and phase from PM, respectively.

in the setup of Fig. 1(a). It consists of two fiber loops of
slightly different lengths, coupled through a variable beam
splitter. A short square laser pulse of approximately 1.4 ns at
a wavelength of 1550 nm is injected into the α loop, where it
undergoes split-step walk dynamics each time it encounters
the beam splitter. The slight length difference between the
loops encodes the lattice position n in the pulse arrival time
at the output port during each round trip [42]. The round-trip
duration defines the discrete time-step index m. Erbium-doped
fiber amplifiers integrated into the loops compensate for in-
sertion, extraction, and propagation losses, enabling pulses to
circulate over many round trips. In addition, a phase modula-
tor introduced in the α ring allows adding an extra controlled
phase that can be used to engineer the lattice dispersion.

The dynamics in the fibers maps directly onto the discrete-
step evolution of light pulses in the one-dimensional lattice
displayed in Fig. 1(b). It represents a generic one-dimensional
lattice model in which an input state distributed over various
initial sites n evolves in discrete steps in time m. At each step,
the state follows a unitary operation of splitting and phase shift
[at the phase modulator (PM) shown in the α ring in Fig. 1(a)].
This kind of evolution is typical of a cascade of beam splitters
in optics, and has been implemented using fiber ring setups
similar to ours to study different aspects of lattice dynamics
[3,17,20–22,28,42,43]. It has also been implemented in coin
polarization walkers [23,44,45], integrated photonic circuits
[46], and coupled photonic resonators [47]. Most of these
publications report the dynamics of laser pulses with a large
number of photons, which can be described in the classical
regime. A few works have used the same kind of discrete-step
lattices in the quantum regime of a few photons to investigate
quantum dynamics of single photons and entangled states
[3,14,44].

The time evolution of light pulses follows the set of cou-
pled equations [42]:

αm+1
n = [

αm
n−1 cos (θm) + iβm

n−1 sin (θm)
]
eiϕm ,

βm+1
n = iαm

n+1 sin (θm) + βm
n+1 cos (θm), (1)

where αm
n and βm

n describe the complex amplitude of the
pulses in the long and short rings, respectively, at time

step m and lattice site n. The coupling angles θm and the
phases ϕm introduced by a phase modulator in the α ring
can be dynamically modulated electronically. The modulated
phase ϕm alternates between +ϕ and −ϕ at odd and even time
steps. Its value allows engineering the band structure of the
lattice with flexibility [21,48]. When discussing the theoretical
model below, we keep the general form of the lattice model
with ϕm. In most of the experiments, its value will be equal to
zero; only in the final part of this work, when considering flat
band models with topological edge states, will we implement
a lattice with ϕm �= 0.

The evolution of an initial state |ψ0〉 at time step m is
expressed as |ψm〉 = Ûm . . . Û0|ψ0〉, where Ûj denotes the evo-
lution operator at time j. Because each lattice site has two
components, the α and β sublattice sites, the evolution opera-
tor Ûj is a 2N × 2N matrix. However, for the bulk dynamics
one can perform a Fourier transform of Eq. (1) to momentum
representation and reduce Ûj to a 2 × 2 matrix with its explicit
form given in Appendix B. For periodic protocols (i.e., when
θm varies periodically), one can describe the stroboscopic dy-
namics at times corresponding to the driving period by using
the Floquet operator ÛF = ÛT . . . Û1, where T is the number
of steps in a period of the driving protocol.

We now artificially introduce uncorrelated noise in the
variable beam splitter at different time steps m, in the form
θm → θm + τm, with τm being random numbers from a nor-
mal distribution with zero mean, τm = 0, and no correlation
τmτm′ = σ 2δm,m′ . This kind of noise generally breaks the dis-
crete time-translation symmetry of the protocol and makes the
Floquet theorem break down.

To study the noisy dynamics of Eq. (1) we derive a master
equation that describes the system’s density matrix, aver-
aged over noise realizations. A related analysis was done in
Ref. [41] for random noise and to second-order perturbation
theory, leading to a Lindblad form of the master equation.
Instead, here we perform a full nonperturbative analysis by
resummation of all orders of the perturbative series. We find
that despite the master equation not being in obvious Lind-
blad form, it correctly predicts the dynamics and incorporates
additional higher noise-induced processes that are missing in
the perturbative description. This is important to ensure the
existence of decoherence-free subspaces below.

A. Stroboscopic noise

We first consider the specific situation of noise that modi-
fies in the same way all splitting angles θm within a Floquet
period M: within period M, all θm take the form θm + τM .
We call this situation stroboscopic noise. We study the den-
sity matrix that accounts for the dynamics at each period M,
ρ̂M = |ψM〉〈ψM |, which is connected to the previous period:

ρ̂M+1 = ÛF (τM+1)ρ̂MÛ †
F (τM+1), (2)

where |ψM〉 = ÛF (τM ) . . . ÛF (τ2)ÛF (τ1)|ψ0〉 is the state of
the system after M stroboscopic periods and ÛF (τM ) is the
operator at period M. Note that the density matrix ρ̂M is
a function of all previous noise values τ1, τ2, . . . , τM . Each
noise realization leads to unitary dynamics with a different
trajectory. However, as we are interested in robust average
properties, we calculate the averaged density matrix over
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noise realizations ρ̂M by averaging Eq. (2). Importantly, for
uncorrelated noise we can factorize the noise averages at
different time steps and this highly simplifies the calculation
of the expectation value.

To calculate the noise average at a single time step, it is
always possible to write the Floquet operator as a sum of
matrices weighted by noise-dependent prefactors by doing a
Taylor series expansion of ÛF in τM and regrouping terms with
identical powers:

ÛF (τM ) =
∑

μ

fμ(τM )Ûμ. (3)

The index μ runs up to the cutoff of the Taylor expansion. In
this formulation, the functions fμ(τM ) contain the dependence
on the noise variable τM , while the matrices Ûμ remain inde-
pendent of it. Some explicit examples are shown below and in
Appendix B. Finally, in this form, it is possible to perform the
average over noise realizations:

ρ̂M+1 =
∑
μ,ν

Fμ,ν (σ 2)Ûμρ̂M Û†
ν (4)

with Fμ,ν (σ 2) = fμ(τM ) fν (τM ). Equation (4) corresponds to
the general form of the master equation for the noisy
dynamics.

In the following, we consider a two-step Floquet protocol
of the form ÛF = Û2Û1, defined by splitting angles θ1 and
θ2, and values of the phase modulator alternating at odd and
even steps between +ϕ and −ϕ. If we first focus on the bulk,
the quasienergy spectrum of the lattice without noise can be
computed from the eigenvalues of the Floquet operator in mo-
mentum space ÛF (k), which take the form (see Appendix A
for further details)

E± = ± arccos[cos θ1 cos θ2 cos k − sin θ1 sin θ2 cos ϕ]. (5)

Due to Floquet periodicity, the eigenvalues exhibit two bands
and two inequivalent gaps at energies E = 0 and E = π .

To study the effect of stroboscopic noise in the bulk dynam-
ics, the Floquet operators become noise dependent and take
the following form ÛF (τM ) = Û2(τM )Û1(τM ) at each Floquet
period M. The decomposition of the noisy Floquet operator
in Eq. (3) can be exactly summed into in three different noise
terms for a given momentum k:

ÛF (k, τM ) = ÛF (k, 0) + f+(τM )Û+(k) + f−(τM )Û−(k), (6)

with f−(τM ) = − sin(τM ) cos(τM ) and f+(τM ) = − sin2(τM ).
The matrices Û±(k) are explicitly written in Appendix B.
Performing the average over noise configurations we arrive
at

ρ̂M+1 = ÛF ρ̂MÛ †
F − 
+(Û+ρ̂MÛ †

F + ÛF ρ̂M Û†
+)

+ 
+,+Û+ρ̂M Û†
+ + 
−,−Û−ρ̂M Û†

−, (7)

where we have omitted the k dependence, ÛF is the noiseless
Floquet operator, 
+ = (1 − e−2σ 2

)/2, 
+,+ = (3 + e−8σ 2 −
4e−2σ 2

)/8, and 
−,− = (1 − e−8σ 2
)/8. The first term de-

scribes the free evolution under a noiseless Floquet protocol,
while the other terms characterize different decoherence pro-
cesses due to noise fluctuations. All the noise dependence in
Eq. (7) is encoded in the 
 prefactors (the matrices ÛF and

Û± depend only on θ1,2, ϕ, and k), resulting in a decay of
the coherence. Interestingly, a series expansion of 
+,+ ∼
σ 4 + O(σ 6) shows that the lowest-order contribution from
this term is σ 4, indicating that perturbative expressions to
second order, such as those used to obtain a Lindblad form,
would miss the contribution from this noise process to the
noise-averaged density matrix.

More importantly, the matrices Û± are proportional to
(e±ik + e±iϕ ), which means that if k = ϕ + (2p + 1)π with
p ∈ Z, they vanish and Eq. (7) reduces to its noisless form.
This means that a wave packet with this value of momen-
tum will not be affected by decoherence: in the presence of
stroboscopic noise, there are bulk states immune to temporal
noise fluctuations. This can also be seen from the form of the
spectrum in Eq. (5): for those values of k, it simplifies to
E± = ± arccos[cos ϕ cos(θ1 − θ2)], and equal values of the
noise at the two steps of each period are canceled. On the
other hand, the matrices Û± ∼ (e±ik + e±iϕ ) have a maximal
effect in inducing decoherence for values of k = ϕ + 2pπ .
Again, this can be understood from the form of the noise-
less eigenvalues, which for those values of k take the form
E± = ± arccos[cos ϕ cos(θ1 + θ2)], highlighting that the stro-
boscopic noise maximally affects this momentum subspace.

Note that the decoherence-free subspaces we have just
identified exist even if the splitting angle is fully random from
period to period. Such a situation could be used to manipulate
and filter out information, which might be useful in certain
applications.

B. Random noise

This surprising result is a consequence of the stroboscopic
nature of the noise being considered. To see this, we now con-
sider the more general case in which noise τm in the splitting
angle changes randomly at each step m. In this case, the time
evolution operator at each time step can be expressed as

Ûm(τm) = cos (τm)Ûm + sin (τm)Û ′
m, (8)

where Ûm is the noiseless step operator characterized by the
noiseless splitting angles θ1 or θ2 at either odd or even steps m,
and Û ′

m = ∂τmÛm(τm)|τm=0. The master equation for one time
step, obtained after noise averaging is

ρ̂m+1 = 1 + e−2σ 2

2
Û1ρ̂mÛ †

1 + 
+Û ′
1ρ̂mÛ ′†

1 . (9)

Noise averaging now acts at each time step instead of at each
stroboscopic time. For proper comparison with Eq. (7) we
look at the master equation after two steps, i.e., single Floquet
step of the protocol:

ρ̂m+2 =
(

1 + e−2σ 2

2

)2

ÛF ρ̂mÛ †
F + 
2

+Û ′
2Û

′
1ρ̂mÛ ′†

1 Û ′†
2

+ 1 − e−4σ 2

4
(Û2Û

′
1ρ̂mÛ ′†

1 Û †
2 + Û ′

2Û1ρ̂mÛ †
1 Û ′†

2 ).

(10)

Different from Eq. (7), for σ �= 0, the contribution of the
first term to the dynamics is always modified by the noise.
This means that decoherence-free subspaces do not exist for
random noise.
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FIG. 2. (a), (c), (e) Measured light intensity in the β ring after
single-site injection under different types of step noise on a discrete-
step lattice with θ1 = 0, θ2 = 0.25π , and ϕ = 0. The spatiotemporal
dynamics have been coherently averaged (|mean(β )|2) over 100
noise realizations. (a) Noiseless evolution (σ = 0). (c) Evolution
under large random noise (σ = 0.4π ). (e) Evolution under large stro-
boscopic noise (σ = 0.4π ). (b), (d), (f) Light intensity summed over
all lattice sites from the measured averaged spatiotemporal dynamics
in the α (blue) and β (red) rings in the conditions of (a), (c), (e), with
dashed lines showing total intensity. The solid black line in (b) shows
the total intensity for a single realization in the noiseless case.

C. Experimental results

These predictions are confirmed experimentally. Fig-
ures 2(a), 2(c), and 2(d) display the measured spatiotemporal
dynamics after injecting a pulse at a single site in the α ring at
step m = 1 for a lattice with θ1 = 0, θ2 = 0.25π , and ϕ = 0.
The plots show the intensity |β̄M

n |2 at each lattice site n and
Floquet step M computed after averaging the measured evolu-
tion of the amplitude over 100 realizations. To do the coherent
averaging over the 100 realizations, we need to measure the
amplitude and phase at each site and time step for each indi-
vidual realization. The procedure to do this and to compute
the band structure is described in detail in Appendix G. The
average measured intensity corresponds to the diagonal terms
of the density matrix, which follow Eqs. (7) and (10).

In the absence of noise [Fig. 2(a)], spatiotemporal interfer-
ence fringes characteristic of coherent evolution are observed
during propagation. They are more clearly seen in Fig. 2(b)
which shows the sum over all lattice sites of the intensity
at each Floquet time step M of the α (blue) and β (red)
sublattices. The dashed black line is the sum of the intensity
on both sublattices

∑
n |ᾱM

n |2 + |β̄M
n |2, which should be equal

to 1 at all time steps in the noiseless case. The reason for
the observed decay of the averaged amplitudes is that the
amplitude and phase extracted from each realization present
experimental errors coming mostly from fiber length varia-
tions, electronic noise, and data processing. When doing the

FIG. 3. Measured dispersions under different types of noise for
a lattice with θ1 = 0, θ2 = 0.25π , and ϕ = 0. The intensity is com-
puted by |α̃|2 + |β̃|2, where the tilde indicates the Fourier amplitudes
of the α and β sublattices, and then it is averaged over 100 indepen-
dent noise realizations. The lower panel shows the Gaussian-fitted
FWHM of the upper band for each quasimomentum k. (a) Noiseless
evolution (σ = 0). (b) Large random noise (σ = 0.4π ). (c) Large
stroboscopic noise (σ = 0.4π ).

coherent average over 100 realizations, these errors sum up
to display the decays observed in Fig. 2(b). The solid black
line shows the total intensity in the α and β rings in a single
realization, with no apparent decay.

Figures 2(c)–2(d) show that random noise in the splitting
angles fully destroys the spatiotemporal interference fringes,
indicating noise-induced decoherence. The decay of the aver-
aged signal in time is also a signature of the decoherence and
of the decay of the diagonal terms of the density matrix: the
complex evolution of the amplitudes αM

n and βM
n average out

over many realizations of noise. When the noise is stroboso-
copic, Figs. 2(e) and 2(f) show a similar decay of the coherent
average but the interference patterns persist longer [Fig. 2(f)]
due to the presence of decoherence-free subspaces that protect
certain momentum components.

The decoherence-free subspaces can be clearly identified in
momentum space. Figure 3 shows the dispersion relation aver-
aged over 100 realizations obtained via the Fourier transform
of each individual measured spatiotemporal evolution for the
lattice parameters of Fig. 2. The noiseless case [Fig. 3(a)]
displays uniform broadening of the bands across k (see lower
panel), with a value mostly limited by the total number of
steps in the experiment (80 steps). Numerical simulations of
Eq. (1) in the conditions of Fig. 3(a) show a full width at
half maximum 70% narrower than the experimental value; the
discrepancy with the experiment must arise from experimental
noise. Introducing artificial random noise [Fig. 3(b)] produces
uniform broadening across all momenta. In contrast, strobo-
scopic noise [Fig. 3(c)] results in inhomogeneous broadening,
with minimal broadening near k = ±π , comparable to the
noiseless case. At k = 0 we observe an enlarged broadening as
compared to the random noise case, as predicted by the anal-
ysis of the density matrix for the value of k = ϕ + 2pπ = 0
(in our experiment ϕ = 0, and we take p = 0).

Note that in the experiment, the random variables τm

are sampled from an uncorrelated uniform distribution τm ∈
[−σ/2,+σ/2], rather than a normal distribution (which
was the case in the above theoretical computation of the
density matrix). The decoherence-free subspaces emerge
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independently of the noise distribution, highlighting their ro-
bustness against different noise models.

II. EDGE DYNAMICS

We now study how stroboscopic and nonstroboscopic noise
affect topological edge states. These edge states appear in one-
dimensional lattices for particular values of θ1 and θ2 [24].
Using a time-continuous Hamiltonian description, Ref. [40]
shows that random fluctuations result in an exponential decay
of the edge-state population. This decay could be transformed
into a power law by introducing spatial localization of the bulk
via the presence of flat bands or spatial disorder.

To study the dynamics of topological edge states under
stroboscopic noise, we use the nonperturbative master equa-
tion, Eq. (4), but now in real space to account for the finite
size lattice with N sites. Following a procedure analogous to
the one leading to Eq. (3), the noisy Floquet operator in real
space can be decomposed into a sum of five terms:

ÛF (τM ) = Û0 + cos (τM )Ûc + sin (τM )Ûs + cos2 (τM )Ûcc

+ sin (τM ) cos (τM )Ûsc + sin2 (τM )Ûss. (11)

The method to compute matrices Û and the final form of
the master equation after noise averaging can be found in
Appendix D.

The particular form of matrices Û allows us to find a simple
expression for the occupation probability pj (M ) after M steps
of the state | j〉 at site j in a slowly varying continuous limit
(see Appendix D):

p j (M ) ≡ |〈 j|ψM〉|2 = 〈 j|ρM | j〉. (12)

The site labeling in this case follows the natural order of sites
with no sublattice distinction, that is, sites j = 1, 2, 3, 4, 5, ...

correspond to sublattice sites α1, β1, α2, β2, α3, ... [see
Fig. 4(a)].

For parameters θ1 = 0.5π , θ2 = 0.0π , and ϕ = 0.2π , the
lattice displays two bulk flat bands and an edge state on
the leftmost site spectrally located at the E = π gap. This
edge state |eL〉 is fully localized at site L ( j = 1) at the left
edge. Its occupation probability, referred to as the edge-state
return probability, can be expressed as

pL(M ) = 〈eL|ρM |eL〉 ≈ pL(0)e−M
+ + 
+ pL+1(M ). (13)

At short times, the initial condition pL(0) = 1 dominates,
exponentially decreasing the occupation of the edge state. At
later times, the edge-state population is determined by the dy-
namics of the bulk modes, whose effect appears here through
the term pL+1(M ). This behavior was anticipated in Ref. [40]
where the decay of the edge-state population was found to be
exponential for dipersive bulk bands, and power-law for flat
bands. Equation (13) allows understanding qualitatively this
connection in an explicit form: the term pL+1(M ) determines
the subsequent decay and we expect its evolution to strongly
depend on the bulk dispersion.

Interestingly, this result shows that the measurement of the
decay of the edge states can be used to indirectly detect the
bulk states dynamics experimentally. The connection between
the edge site L dynamics and the bulk modes is experimentally
studied in Figs. 4(b)–4(d). The considered lattice has N = 44

FIG. 4. (a) Scheme of the labeling of the sites in a finite size
lattice. The edge site is located at j = 1. (b) Measured spatiotemporal
dynamics in a finite lattice with parameters θ1 = 0.5π , θ2 = 0.0π ,
ϕ = 0.2π and N = 44 number of sites without added noise. The
initial condition is excitation at the j = 1 site. (c) Same as (b) in the
presence of stroboscopic noise with σ = 0.12π , averaged over 100
realizations following the procedure of Fig. 2. (d) Measured (dots)
averaged occupation probability |〈 j|ψM〉|2 as a function of step M
after initial excitation of the left edge site j = 1, under different types
of noise with σ = 0.12π . Blue triangles and squares show the evo-
lution of bulk sites. For comparison, the gray dashed line indicates
purely exponential decay with rate σ 2. The solid lines represent the
numerical occupation probabilities derived from Eq. (12).

sites. The left edge site is initially populated [pL(0) = 1] and
the return probability pL(M ) is measured and averaged over
100 noise realizations (τm sampled from a normal distribution
with zero mean, τm = 0 and τmτm′ = σ 2δm,m′ ). In the absence
of noise [Fig. 4(b) and red dots in 4(d)], the occupation prob-
ability of the edge site is close to 1 up to 70 steps. At that time
step, the amplifier gain in the fiber rings decreases and losses
are no longer compensated. In the presence of stroboscopic
noise with amplitude σ = 0.12π the return probability [blue
dots in Fig. 4(d)] decays exponentially at short times, followed
by a crossover to a polynomial decay after roughly eight to ten
steps. This slowing down arises from the dynamics of local-
ized modes in the bulk flat bands. This behavior is observed
also for random noise (green dots). It closely matches the
numerical return probabilities (blue solid lines) obtained from
the master equation, and it is significantly different from the
exponential decay e−σ 2M we would expect for the employed
value of noise (gray dashed line).

Along with the decay of the occupation probability of the
edge site, we observe an increase of the occupation of sites
j = 2 and j = 3 [blue squares and triangles, respectively, in
Fig. 4(d)] for the first 10–20 time steps and then a polynomial
decrease. Subsequent sites further in the bulk are expected
to display similar dynamics, with a maximum occupation
happening later in time step as we go deeper into the bulk.

The measured dynamics are well reproduced by the com-
putation of the occupation probabilities given by the density
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matrix [Eq. (12) and Appendix D], shown as solid lines in
Fig. 4(d). The agreement is quantitative for sites j = 1, 3 and
displays a factor of 2 discrepancy for site j = 2, probably due
to a calibration mismatch between the measured intensities of
the α and β rings in this specific experiment.

III. DISCUSSION

In summary, we have studied the effect of noisy dynamics
in DSQWs in a one-dimensional lattice using a density matrix
formalism. We have shown that in DSQWs certain states do
not show any decoherence under stroboscopic noise. Our re-
sults have direct relevance for architectures based on cascades
of unitary operators with different interconnects, which can
be prone to noise at timescales longer than the Floquet period.
This kind of noise might be important in architectures that use
recycling schemes like the one in our experiments, in which
a set of beam splitters is modified in time. The study reported
here reveals subspaces that can be profitable to build registers
and to the experimental simulation of open quantum systems
using quantum walks with enhanced robustness to temporal
noise.

ACKNOWLEDGMENTS

We thank I. C. Fulga for fruitful discussions at early stages
of this work. This work was supported by the European Re-
search Council grant EmergenTopo (Grant No. 865151), the
French government through the Programme Investissement
d’Avenir (I-SITE ULNE/ANR-16-IDEX-0004 ULNE) man-
aged by the Agence Nationale de la Recherche, the Labex
CEMPI (Grant No. ANR-11-LABX-0007), and the region
Hauts-de-France via CPER Wavetech. It was partially funded
by the CDP C2EMPI, as well as the French State under the
France-2030 program, the University of Lille, the Initiative
of Excellence of the University of Lille, and the European
Metropolis of Lille through their funding and support of the R-
CDP-24-004-C2EMPI project. This project has received fund-
ing from the European Union’s Horizon 2020 Research and
Innovation Program under the Marie Skłodowska-Curie Grant
Agreement No. 101108433. A.G.-L. acknowledges support
by MICIU/AEI/10.13039/501100011033 and by ERDF/EU
under Project No. PID2023-146531NA-I00 and Also ac-
knowledges support from CSIC Interdisciplinary Thematic
Platform (PTI+) on Quantum Technologies (PTI-QTEP+).

DATA AVAILABILITY

The data that support the findings of this article are openly
available [49].

APPENDIX A: COMPUTATION
OF THE FLOQUET EIGENVALUES

To compute the two-step Floquet eigenvalues in the noise-
less case, we evolve one-step Eq. (1) to get

αm+2
n = [−αm

n sin (θm) + iβm
n cos (θm)

]
sin (θm+1)eiϕm+1

+ [
αm

n−2 cos (θm) + iβm
n−2 sin (θm)

]
× cos (θm+1)ei(ϕm+ϕm+1 ), (A1)

βm+2
n = [

iαm
n cos (θm) − βm

n sin (θm)
]

sin (θm+1)eiϕm

+ [
iαm

n+2 sin (θm) + βm
n+2 cos (θm)

]
cos (θm+1). (A2)

Given the periodicity of two steps in time and two sites
in space, we search for eigenmode solutions that follow the
Floquet-Bloch ansatz:(

αm+1
n

βm+1
n

)
=

(
α̃(k)
β̃(k)

)
ei(Em/2)ei(kn/2). (A3)

By injecting this ansatz in Eqs. (A1) and (A2) and some
manipulation, we get Eq. (5) for the Floquet eigenvalues.

APPENDIX B: MASTER EQUATION FOR THE BULK
AND STROBOSCOPIC NOISE

The time evolution of a state following a time-periodic
protocol can be expressed in terms of the Floquet operator as
|ψM〉 = Û M

F |ψ0〉, where M is the number of Floquet periods.
However, in the presence of noise that is constant over a
period, each Floquet operator at time M becomes a function
of a noise variable ÛF (τM ). In this case, in order to understand
properties of the system that are robust to noise, it is useful to
study noise-averaged quantities, which require a density ma-
trix treatment and the derivation of its corresponding master
equation. Otherwise, non-Hermitian effective Hamiltonians
will generally lead to nonconservation of the norm at long
time due to the absence of jump operators. Defining the
density matrix as ρ̂M = |ψM〉〈ψM |, its expectation value over
noise realizations ρ̂(M ) = E [ρ̂(M )] is in general a complex
calculation, with E [· · · ] being the statistical average over a
distribution. However, it highly simplifies if we assume uncor-
related noise, τMτL = σ 2δM,L, with zero average τ j = 0. This
allows us to calculate the expectation value independently at
each time slice. For the explicit calculation, it is useful to
decompose each noisy Floquet operator in terms of different
noise prefactors:

ÛF (τM ) =
∑

μ

fμ(τM )Ûμ. (B1)

This can be done in different ways; for example, by expanding
in Taylor series for small τ j and then resuming the series, to
obtain a nonperturbative expression. Then, the noise average
of the density matrix equation of motion can be expressed as

ρ̂M+1 = E [ÛF (τM+1)E [ρ̂M]Û †
F (τM+1)]

=
∑
μ,ν

Fμ,ν (σ 2)Ûμρ̂M Û†
ν (B2)

with Fμ,ν (σ 2) = E [ fμ(τM ) fν (τM )].
For the case of bulk dynamics, we can express the evolution

operator in momentum space, and write the evolution for each
step m of the protocol as a two-dimensional matrix:

Ûm(k) =
(

cos (θm)ei[ϕm−(k/2)] i sin (θm)ei[ϕm−(k/2)]

ieik/2 sin (θm) eik/2 cos (θm)

)
. (B3)

The noisy Floquet operator for a two-step protocol at time
M, ÛF (k, τM ) = Û2(k, τM )Û1(k, τM ), defined by the set of
parameters θ1, θ2, and ϕ, is then obtained by choosing
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θ1,2 → θ1,2 + τM , where again M indicates the period number. Using trigonometric relations, it can be decomposed in terms of
three matrices only:

ÛF (k, τM ) = ÛF (k) + f+(τM )Û+(k) + f−(τM )Û−(k) (B4)

with f−(τM ) = − sin(τM ) cos(τM ), f+(τM ) = − sin2(τM ), and the two-dimensional matrices being

Û−(k) =
(

s−(k, ϕ) sin (θ+) −is−(k, ϕ) cos (θ+)

−is+(k, ϕ) cos (θ+) s+(k, ϕ) sin (θ+)

)
,

Û+(k) =
(

s−(k, ϕ) cos (θ+) is−(k, ϕ) sin (θ+)

is+(k, ϕ) sin (θ+) s+(k, ϕ) cos (θ+)

)

with θ+ = θ1 + θ2 and s±(k, ϕ) = e±ik + e±iϕ . Finally, performing the noise average for Gaussian noise (other choices are
possible), we arrive at the master equation for the bulk dynamics at a particular k:

ρ̂M+1 = ÛF ρ̂MÛ †
F − 1

2 (1 − e−2σ 2
)(Û+ρ̂MÛ †

F + ÛF ρ̂M Û†
+) (B5)

where we have used that for Gaussian noise

E [ f+(τ )] = − 1
2 (1 − e−2σ 2

), E [ f−(τ )] = 0, E [ f−(τ ) f+(τ )] = 0, (B6)

E [ f 2
+(τ )] = 1

8

(
3 + e−8σ 2 − 4e−2σ 2)

, E [ f 2
−(τ )] = 1

8

(
1 − e−8σ 2)

. (B7)

Notice that the first term in the master equation corresponds
to the noiseless (σ → 0) evolution under the Floquet oper-
ator, while the others describe the decoherence introduced
by the noise. Importantly, as the entries in the matrices Û±
are proportional to e±ik + e±iϕ , one can see that for k =
ϕ + (2p + 1)π , for all p ∈ Z, they vanish. This is the origin
of the tunable decoherence-free subspaces. Also, it is impor-
tant to notice that, for small σ , the term is proportional to
3 + e−8σ 2 − 4e−2σ 2 ∼ O(σ 4), indicating that it is a correction
that goes beyond the Lindblad form that is obtained at second
order in σ [40,41].

APPENDIX C: MASTER EQUATION FOR THE BULK
AND RANDOM NOISE

For nonstroboscopic noise we must consider the single
step evolution Ûm(τm), with random variable τm at each step,
instead of the Floquet operator (which is no longer well
defined). The single step evolution operator for the bulk dy-
namics reads

Ûm(k) =
(

cos (θm)ei[ϕm−(k/2)] i sin (θm)ei[ϕm−(k/2)]

ieik/2 sin (θm) eik/2 cos (θm)

)
.

(C1)

Introducing the noise via θm → θm + τm and factorizing, we
can write the noise evolution operator as

Ûm(k, τm) = cos (τm)Ûm(k) + sin (τm)Û ′
m(k), (C2)

with Ûm(k) = Ûm(k, τm)|τm=0 and Û ′
m(k) = ∂τmÛm(k, σ )|τm=0.

Finally, calculating the expectation value over noise real-
izations of the density matrix we arrive at the following master
equation for a particular k after a single step:

ρ̂m+1 = 1 + e−2σ 2

2
Û1ρ̂mÛ †

1 + 1 − e−2σ 2

2
Û ′

1ρ̂mÛ ′†
1 . (C3)

For the case of interest, with a two-step protocol, this
expression can be iterated to an additional time step, to
write the dynamics after an approximate single Floquet
protocol, by

ρ̂m+2 =
(

1 + e−2σ 2

2

)2

ÛF ρ̂mÛ †
F

+ 1 − e−4σ 2

4

(
Û2Û

′
1ρ̂mÛ ′†

1 Û †
2 + Û ′

2Û1ρ̂mÛ †
1 Û ′†

2

)

+
(

1 − e−2σ 2

2

)2

Û ′
2Û

′
1ρ̂mÛ ′†

1 Û ′†
2 , (C4)

where it is clear that the first contribution produces the noise-
less dynamics, and that it is always affected if σ �= 0, unlike
for the case of stroboscopic noise.

APPENDIX D: MASTER EQUATION FOR THE EDGE
STATES AND STROBOSCOPIC NOISE

For the edge-state dynamics under stroboscopic noise, the
calculation of the master equation is identical to that of the
bulk under stroboscopic noise, but the matrices are of dimen-
sion 2N × 2N due to the real-space formulation. The Floquet
operator can be written in terms of 2 × 2 blocks as

ÛF =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ÛL Û+ 0 0 0 . . .

Û− Û0 Û+ 0 . . . 0

0 Û− Û0
. . . 0 0

0 0 . . . Û0 Û+ 0

0 . . . 0 Û− Û0 Û+
. . . 0 0 0 Û− ÛR

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(D1)
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where each block is defined as

Û0 = sin (θ2)

(−e−iϕ sin (θ1) ie−iϕ cos (θ1)
ieiϕ cos (θ1) −eiϕ sin (θ1)

)
,

Û+ = cos (θ2)

(
0 0

i sin (θ1) cos (θ1)

)
,

Û− = cos (θ2)

(
cos (θ1) i sin (θ1)

0 0

)
,

ÛL =
( −e−iϕ sin (θ1) ie−iϕ cos (θ1)

ieiϕ cos (θ1) sin (θ2) −eiϕ sin (θ1) sin (θ2)

)
,

ÛR =
(−e−iϕ sin (θ1) sin (θ2) ie−iϕ cos (θ1) sin (θ2)

ieiϕ cos (θ1) −eiϕ sin (θ1)

)
.

In particular, the decomposition of the noisy Floquet operator
in real space results in five different contributions, which

can be obtained straightforwardly from Eq. (D1) by the use
of the trigonometric identities cos(θ + τ ) = cos(θ ) cos(τ ) −
sin(θ ) sin(τ ) and sin(θ + τ ) = cos(θ ) sin(τ ) + sin(θ ) cos(τ ):

ÛF (τM ) = Û0 + cos (τM )Ûc + sin (τM )Ûs + cos2 (τM )Ûcc

+ sin2 (τM )Ûss + sin (τM ) cos (τM )Ûsc. (D2)

Here, the matrices Ûc, Ûs, Ûcc, etc., are obtained by iden-
tifying common prefactors cos(τM ), sin(τM ), cos2(τM ), etc.,
and grouping them together. Interestingly, the matrices Ûc

and Ûs only couple the edge with its nearest-neighbor site.
This indicates that these noise processes act only on the edge
states. In contrast, the matrices Ûcc, Ûss, and Ûsc only couple
neighboring bulk sites, leaving the edges unaffected. This
separation will allow us to physically interpret the different
terms in the master equation below.

Finally, the master equation is obtained after a noise aver-
age, which for the case of Gaussian noise, reads

ρ̂M+1 = Û0ρ̂M Û†
0 + e−σ 2/2(Û0ρ̂M Û†

c + Ûcρ̂M Û†
0

) + 1
2

(
1 + e−2σ 2)(Ûcρ̂M Û†

c + Û0ρ̂M Û†
cc + Ûccρ̂M Û†

0

)
+ 1

2

(
1 − e−2σ 2)(Ûsρ̂M Û†

s + Û0ρ̂M Û†
ss + Ûssρ̂M Û†

0

) + 1
4

(
3e−(1/2)σ 2 + e−(9/2)σ 2)(Ûcρ̂M Û†

cc + Ûccρ̂M Û†
c

)
+ 1

4

(
e−(1/2)σ 2 − e−(9/2)σ 2)(Ûcρ̂M Û†

ss + Ûssρ̂M Û†
c + Ûsρ̂M Û†

sc + Ûscρ̂M Û†
s

) + 1
8

(
1 − e−8σ 2)

× (
Ûscρ̂M Û†

sc + Ûssρ̂M Û†
cc + Ûccρ̂M Û†

ss

) + 1
8

(
3 + 4e−2σ 2 + e−8σ 2)Ûccρ̂M Û†

cc + 1
8

(
3 − 4e−2σ 2 + e−8σ 2)Ûssρ̂M Û†

ss. (D3)

APPENDIX E: EDGE-STATE DYNAMICS UNDER
STROBOSCOPIC NOISE

To study the noisy return probability of an edge state after
M periods, pL(M ) = 〈eL|ρ̂M |eL〉, it is useful to consider the
fully dimerized case θ1 = π/2 and θ2 = 0. In this situation
the system corresponds to the flat-band case and has a fully lo-
calized edge state |eL〉 = (1, 0, 0, . . .), which we consider the
initial state for the density matrix ρ̂0 = |eL〉〈eL|. Importantly,
one can check that several noise operators from the master
equation, Eq. (D3), do not affect the edge state:

Û†
0 |eL〉 = 0, Û†

cc|eL〉 = 0, Û†
ss|eL〉 = 0, and Û†

sc|eL〉 = 0.

(E1)
This massively simplifies the calculation of the master equa-
tion for the population of the edge site to

pL(M + 1) = 1 + e−2σ 2

2
pL(M ) + 1 − e−2σ 2

2
pL+1(M ). (E2)

This is a recurrence equation for the population, which can be
turned into the following differential equation for the contin-
uum time variable t :

∂t pL(t ) ≈ −
+[pL(t ) − pL+1(t )] (E3)

with 
+ 1−e−2σ2

2 . This simple equation allows one to correctly
estimate the short-time and long-time behavior of the return
probability. Its formal solution is

pL(t ) = pL(0)e−
+t + 
+
∫ t

0
e−
+(t−s) pL+1(s)ds. (E4)

Notice that for an initial condition with the edge state oc-
cupied, pL(0) = 1, the dynamics is controlled by the first

term, which predicts an exponential decay with 
+ ≈ σ 2 for
small σ , as predicted from the Lindblad master equation [40].
However, at long time the first term goes to zero and the
second term dominates, which is a kernel that convolutes the
exponential decay with the population at the neighboring site.
If we apply the change of variable u = t − s, the previous
equation becomes

pL(t ) = pL(0)e−
+t + 
+
∫ t

0
e−
+u pL+1(t − u)du, (E5)

where we can see that due to the fast decay introduced by
the exponential, the kernel mostly contributes when u = 0 or
equivalently t = s. Hence, we can approximate the solution
by pL(t ) ≈ pL(0)e−
+t + 
+ pL+1(t ), when the dynamics of
the population at bulk sites is slow compared with the de-
cay, which is the case for flat bands or disordered systems.
Therefore, we can see that our solution predicts an exponential
decay at short times that is taken over by the dynamics of the
population at the bulk sites.

APPENDIX F: EXPERIMENTAL SETUP

The experimental setup employs a continuous wave single-
frequency laser source (Koheras MIKRO, NKT Photonics)
operating at 1550 nm with a maximum output power of
40 mW and a linewidth <0.1 kHz. The laser output is split
equally using a 50/50 beam splitter, with one part serving as
input to a local oscillator and the other being modulated into
1.4 ns pulses via an electro-optical modulator (EOM; iXblue
MXER-LN-10), which is controlled by an arbitrary wave-
form generator (AWG 7000B, Tektronix). To reduce residual
laser light entering the ring, an acoustic optical modulator
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(AOM;− AA Opto-electronic MT110-IIR30-Fio-PM0.5)
with an extinction power of 70 dB is incorporated. The AOM
is shaped in a gate centered in time at the pulse generated
by the preceding EOM. The prepared injection signal is then
introduced into the long α ring through a 70/30 beam splitter.

The pulse evolution follows a split step walk. The two
fiber rings α and β are coupled via a high-bandwidth 40 GHz
electronically controlled variable beam splitter (EOSpace
AX-2x2-0MSS-20). Each ring has an Erbium-doped fiber
amplifier (Keopsys CEFA-C-HG) and an optical variable at-
tenuator (Agiltron) which are used to finely compensate for
round-trip losses.

A 90/10 beamnsplitter within each ring extracts light for
measurement. To access both amplitude and phase informa-
tion of sublattices αm

n and βm
n , a heterodyne measurement

technique is employed. This involves beating the wave field
extracted from the double rings with a local oscillator refer-
ence field. This field is derived from the laser used to inject
the initial pulse and is frequency shifted by 3 GHz using an
electro-optic modulator. The beating interference between the
signal and the local oscillator is converted to electrical signals
using a fast photodiode (Thorlabs DET08CFC) operating at
5 GHz. These signals are then captured and analyzed using
a high-performance oscilloscope (Tektronix MSO64) featur-
ing a 6 GHz bandwidth, 10-bit vertical resolution, 25 GS/s
sampling rate, and a memory record length of 62.5 Mpts cor-
responding to 2.5 ms, enabling very detailed signal analysis
of the beating.

APPENDIX G: DATA PROCESSING

In this section we explain how to extract complex valued
spatiotemporal dynamics and the band diagram from mea-
sured real-valued signal intensity.

Data is collected by recording the output intensity from
both fiber loops using an oscilloscope. The resulting signal
displays groups of pulses separated by the average round-trip
time of T̄ = 224.94 ns, with pulses within each group spaced
�T = 3.4 ns apart due to the length difference between the
two fiber loops as shown in Fig. 5(a). This time trace is
then segmented and arranged into a spatiotemporal diagram
[Fig. 5(b)] for further analysis. Crucial phase information is
retrieved by subjecting the signal to optical heterodyne mea-
surement with a reference continuous-wave laser, frequency
shifted by about 3 GHz, producing observable fringes in the
recorded signal.

The interference between the local oscillator and the signal
evolving in the rings contains phase information relevant to
the measurement of the band structure [see the beating signal
on top of each pulse in Fig. 5(b)]. The band structure is recon-
structed by performing a numerical two-dimensional Fourier
transform on the stroboscopic spatiotemporal diagram of each
ring at time steps corresponding to integer Floquet periods
(m = 1, 3, 5, . . .) as shown in Fig. 5(c). This yields periodic
eigenvalue bands spanning about 25 GHz in the quasimomen-
tum direction (this value is fixed by the time resolution of the
oscilloscope that records the time trace) and 2.24 MHz in the
quasienergy direction [see Fig. 6(a)]. We focus on a single
Brillouin zone at around a frequency of 3 GHz as shown in
Fig. 6(a). The vertical and horizontal axes of the dispersion

FIG. 5. (a) Zoom on the first time steps of the measured time
trace of the signal intensity at the output of the α fiber loop. (b) Spa-
tiotemporal diagram of the α ring reconstructed from the time trace
shown in (a). (c) Corresponding stroboscopic spatiotemporal dia-
gram obtained by sampling only odd time steps from (b).

are then relabeled to span the full spectral Brilluoin zone both
in quasienergy E and quasimomentum k, spanning both from
−π to π [Fig. 6(b)].

Environmental factors can cause fluctuations in fiber
length, resulting in shifts of the band structure. To diminish
these fluctuations we use a protocol using piezos to lock the
lengths of the rings. Even after this compensation we still
have slight shifts in band structure. To account for these minor
shifts, the experimental setup employs a double measurement
protocol. A first pulse is injected and evolves in a nominally
noiseless lattice following a simple model (θm = π/4). The
measured evolution is used to calibrate the evolution of a
second pulse that now follows the lattice dynamics of interest
(arbitrary values of θm and different noise realizations)

This method utilizes two consecutive τ = 1.4 ns pulses:
a calibration pulse and a science pulse. The calibration pulse
enters the ring and evolves in time with a constant splitting
of 50/50 in the variable beam splitter and no phase mod-
ulation. The spatiotemporal evolution dynamics produces a
well-known reference band structure as shown in Fig. 6(b),
where θ1 = 0.25π, θ2 = 0.25π , and ϕ = 0. In contrast, the
science pulse implements the experimental system of inter-
est, featuring controlled coupling values of the variable beam
splitter and phase modulation of pthe hase modulator. The
calibration pulse’s band structure is compared to its theoret-
ical model, allowing for the measurement of horizontal and
vertical shifts. These measurements are then used to cali-
brate the axes, which remain valid for the subsequent science
pulse measurement. And it allows us to calculate the science
shot band structure as shown in Fig. 6(d), where θ1 = 0.5π,

θ2 = 0, and ϕ = 0.2π .
To recover the complex-valued spatiotemporal evolution,

an inverse two-dimensional Fourier transform (2D-IFT) is
applied to the band diagrams from both the calibration and
science pulse measurements, as shown in Figs. 6(c) and 6(e).
This transformation converts observed intensity profiles [see
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FIG. 6. (a) Two-dimensional Fourier transform of the strobo-
scopic spatiotemporal diagram of the α [Fig. 5(c)]. (b) Measured
bands in one Brillouin zone for the α after zooming the re-
gion at ω + � frequencies in panel (a) for the calibration shot
(θ1 = 0.25π , θ2 = 0.25π , ϕ = 0.0π ). (c) Complex-valued spa-
tiotemporal dynamics obtained by applying a two-dimensional
inverse Fourier transform (2D-IFT) to the calibration band data in
(b). (d) Measured band structure for the science shot of the flat
band (θ1 = 0.5π , θ2 = 0.0π , ϕ = 0.2π ) within the same Brillouin
zone. Green dashed lines show the bulk bands. (e) Complex-valued
spatiotemporal dynamics derived from the science pulse band data
in (d) via 2D-IFT for the flat band. (f) Measured band structure
for the science shot of the dispersive band (θ1 = 0.25π , θ2 = 0.0π ,
ϕ = 0.2π ) within the same Brillouin zone. (g) Complex-valued spa-
tiotemporal dynamics derived from the science pulse band data in
(f) via 2D-IFT for the dispersive band. Panels (c), (e), and (g) dis-
play the initial time steps of the spatiotemporal evolution, with the
full diagrams spanning approximately 40 stroboscopic steps for the
calibration shot and 220 steps for the science shot.

Fig. 5(c)] into detailed complex-valued spatiotemporal data.
Notably, since the initial square pulse configuration introduces
a random global phase with each initialization, this phase is
subtracted from all measured dynamics to maintain consis-
tency across shots.

To extract the experimental return probability to the topo-
logical edge state, we project the measured spatiotemporal
dynamics of the full wave function |ψM〉 constructed from
both α and β sublattices into the edge state computed from

FIG. 7. (a) Experimentally measured and (b) simulated averaged
occupation probabilities, |〈 j|ψM〉|2 as a function of time step M
following initial excitation of the left edge site j = 1, for the finite
lattice with flat-band parameters θ1 = 0.5π , θ2 = 0.0π , ϕ = 0.2π

and N = 44 number of sites. Edge-state dynamics are shown for
the noiseless case (σ = 0π ) in red dots and for stroboscopic noise
(σ = 0.12π ) in blue dots, averaged over 100 realizations. Blue trian-
gles show the evolution of bulk sites occupation. Error bars denote
the standard deviation across realizations.

the diagonalization of the Floquet operator of a finite size
lattice, Eq. (D1). We then proceed to the averaging over
noise realizations. Figures 6(e) and 6(g) present examples of
the measured dynamics in the α sublattice during the initial
time steps following an edge site excitation, for the flat band
and dispersive band cases, respectively.

In the main text, Fig. 4 shows the edge state return prob-
ability for the flat-band case in log-log scale. Figure 7(a)
shows the same data over the full 200 recorded time steps
in linear scale, with error bars representing the standard de-
viation across 100 realizations. The corresponding simulated
results are shown in Fig. 7(b) for the same parameters. Ideally,
edge-state return probability for the noiseless case should be
equal to 1 at all time steps (as in simulated results). The
observed decay and increasing standard deviation arise from
experimental errors (mostly from fiber length variations, elec-
tronic noise, and data processing), which cause variations
in the extracted amplitude and phase for each realization.
When averaged over 100 realizations, these errors accumulate,
producing the decay and spread visible in Fig. 7(a). When
engineered stroboscopic noise is introduced in the couplers
in the experiment (σ = 0.12π ), additional broadening is ob-
served due to variations between noise realizations. Over
longer time steps, the signal-to-noise ratio gradually degrades,
reducing measurement reliability. For this reason, the main
text displays only the initial 70 steps (corresponding to about
a 30% signal reduction) in Fig. 4. Note that the relative
fluctuation in the numerical case for sites j = 1 and j = 2
reaches roughly 100% after 20 steps. This is due to different
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FIG. 8. Numerically computed edge-state return probability
|〈eL|ψM〉|2 as a function of step M in a lattice with N = 44 sites
and averaged over 1000 independent realizations. In the flat band
(θ1 = 0.5π , θ2 = 0.0π , ϕ = 0.2π ) with stroboscopic noise σ = 0.2,
the red dots (numerically calculated) show the edge-state return
probability exhibiting an initial exponential decay followed by a
polynomial decay at intermediate times. In contrast, in the disper-
sive band (θ1 = 0.45π , θ2 = 0.0π , ϕ = 0.2π ) with same noise, the
dynamics given by green dots (numerically calculated) mainly shows
exponential decay with finite-size saturation at long times. The solid
black lines represent the numerical edge-state return probabilities
derived from Eq. (12) in the main text.

exploration of various dynamics due to the noise variation
from one realization to another. We observe similar relative
fluctuations in the experiment.

APPENDIX H: EDGE-STATE DYNAMICS
WITH DISPERSIVE BULK BANDS

Let us now provide a complementary analysis of the edge-
state dynamics in the case of a model realizing a bulk with
dispersive bands. A numerical study of this situation using a
continuous-time model was discussed in Ref. [40]. Measuring
the edge-state return probability for a dispersive band model
is more challenging than doing it for a flat band. The reason
is that in a flat band, the edge states are fully localized on
a single edge site, which can be simply excited and mea-
sured. In a dispersive band, the complex-valued edge state
extends over multiple sites, causing an excitation at the edge
site to simultaneously excite edge and bulk modes, as illus-
trated in Fig. 6(g). To enable a fair comparison between the
flat and dispersive band cases, Fig. 8 presents numerically
simulated return probabilities for the stroboscopic noise σ =
0.2. The simulations show that for the dispersive band (θ1 =
0.45π , θ2 = 0.0π , ϕ = 0.2π ), the edge-state decay is pre-
dominantly exponential (green dots), whereas for the flat band
(θ1 = 0.5π , θ2 = 0.0π , ϕ = 0.2π ), the localization of bulk
states leads to a much slower, polynomial decay at long time
(red dots). The slowing down of the decay for the dispersive
band starting at about M = 100 and its flattening at long times
is an artifact due to the finite size of the lattice. These numer-
ical results closely match the calculated return probabilities
(black solid lines) obtained from the master equation in the
finite site lattice. These numerical findings are consistent with
those reported in Ref. [40].
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V. Potoček, C. Hamilton, I. Jex, and C. Silberhorn, A 2D quan-
tum walk simulation of two-particle dynamics, Science 336, 55
(2012).
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