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Bidimensional measurements of photon statistics within a multimodal temporal framework
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Ultrafast imaging of photon statistics in two dimensions is a powerful tool for probing nonequilibrium
and transient optical phenomena, yet it remains experimentally challenging due to the simultaneous need for
high temporal resolution and statistical fidelity. In this work, we demonstrate spatially resolved single-shot
measurements of photon number distributions using difference-frequency generation in a nonlinear Beta Barium
Borate crystal. We show that our platform can discriminate between coherent and thermal photon statistics across
two spatial dimensions with picosecond resolution. At the same time, we find that the retrieved distributions
deviate from the ideal ones, a consequence of vacuum contamination and the multimodal response of the
amplifier. To explain this, we develop a temporal mode decomposition framework that captures the essential
physics of signal amplification and fluorescence, and quantitatively reproduces the experimental findings. This
establishes a robust approach for measuring two-dimensional photon statistics while clarifying the fundamental
factors that limit the fidelity of such measurements.
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I. INTRODUCTION

For decades, researchers have sought the ability to faith-
fully image spatial bidimensional information generated at
incredibly fast timescales. Ultrafast chaotic behaviors, com-
plex nonlinear optical phenomena, and rapid biological
processes like protein rearrangement are just a few examples
of events that occur on timescales ranging from picoseconds
to femtoseconds. Additionally, transient events, specific to
two-dimensional (2D) systems, reflect many major fundamen-
tal mechanisms occurring in biology, physics, or chemistry
[1–3].

Traditionally, pump-probe methods [4–12] have been
used to capture these fast dynamics through repeated mea-
surements. However, many ultrafast phenomena are either
nonrepetitive or challenging to reproduce [13–18]. Significant
efforts have been made to create platforms capable of per-
forming ultrafast single-shot optical measurements [19–21],
intending to be free of the paradigmatic repeatable mea-
surement schemes. The main objective of these platforms is
the possibility of measuring bidimensional photonic fields,
at an ultrafast scale (picosecond to femtosecond information
with high repetition rate) without alteration of the informa-
tion of interest. Well-established strategies consist of using
cutting-edge pulsed laser technologies to probe a system with
strong optical pulses to have enough signal-to-noise ratio in a
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single-shot experiment and then retrieving the information of
interest with various elaborated methods [22–27].

An important strategy to realize ultrafast sampling and per-
form single-shot measurements is based on the use of highly
nonlinear optical processes such as Sum-Frequency Gen-
eration (SFG) or Difference-Frequency Generation (DFG),
driven by a strong ultrashort pulse in bulk nonlinear mate-
rials. Both processes convert the information contained in
a 2D optical field to another wavelength and sample it on
an ultrafast timescale determined by the pulse duration. The
key distinction between the two methods lies in their respec-
tive properties: DFG can amplify the signal but introduces a
fluorescence background, while SFG is background-free with-
out vacuum contamination when reaching 100% conversion
efficiency [28]. As a result, SFG is typically preferred for
relatively strong input signals, where the signal significantly
exceeds the dark count and readout noise of conventional
detectors. In contrast, DFG is better suited for weak in-
put signals due to its gain capabilities. While DFG-based
bidimensional imaging has been demonstrated [29,30], no
focus has been set on the influence of the nonlinear ef-
fects and vacuum contamination on the spatial statistical
distributions of photon counts in single-shot images. A sys-
tem capable of extracting this information with high fidelity
would enable the evaluation of bidimensional intensity corre-
lation functions, providing additional information on ultrafast
2D phenomena.

In this study, we explore these questions by using para-
metric down-conversion to perform time sampling within a
picosecond window of a two-dimensional image. Through a
quantitative analysis of the system response, we demonstrate
that the concept of temporal modes, originating from quan-
tum optics and describing the response of nonlinear pulsed
systems, serves as an effective framework to understand
the system’s behavior. We further analyze the behavior of
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amplified vacuum fluctuations (i.e., fluorescence) and ex-
amine how known input 2D signals with distinct photon
statistical distributions are altered by the DFG process. Fi-
nally, we provide detailed experimental analysis, theory, and
numerical investigation to explain quantitatively why the mea-
surements deviate from the statistics of the input field due
to fundamental vacuum contamination as well as due to the
multimodal temporal response of the system. We obtain pre-
dictions that match the experimental data remarkably. This
work provides a comprehensive analysis of the 2D photon
distribution imaging framework using the DFG scheme.

The paper is organized as follows. In the first part, we
present two-dimensional single-shot measurements of photon
statistics using coherent and thermal input states, showing that
the system is capable of faithfully imaging complex spatial
patterns while preserving qualitative differences between the
two types of photon states. We then highlight the quantitative
deviations of the measured statistics from the ideal photon
distributions and identify their origin in vacuum contamina-
tion and the multimodal response of the nonlinear amplifier.
In the second part, we introduce a theoretical and numerical
framework based on temporal mode decomposition, which
provides a quantitative understanding of the system’s re-
sponse. Starting from a simplified plane-wave configuration,
we validate the multimodal description by comparing its pre-
dictions with experiments performed with vacuum, coherent,
and thermal input states. Finally, we extend this approach
to the two-dimensional configuration, demonstrating that the
model accurately accounts for the measured distributions,
which establishes a comprehensive framework for DFG-based
ultrafast-photon statistics imaging.

II. 2D PHOTON STATISTICS MEASUREMENTS

The system under study consists of a bulk material with
second-order nonlinearity χ (2), namely, a Beta Barium Bo-
rate (BBO) crystal of length lc = 2 mm, interacting with
two optical fields. A strong picosecond pulsed field (≈0.1
mJ per pulse), referred to as the pump, with a wavelength
λp = 400 nm (ωp = 2π × 749.2 THz) and a continuous-wave
signal at λs = 840.1 nm (ωs = 2π × 356.7 THz) are spatially
overlapped within the crystal. By appropriately selecting the
phase-matching angle of the crystal, part of the pump field at
400 nm converts and amplifies the signal field at λs = 840.1
nm and an idler field centered at λi = 763.3 nm (ωi = 2π ×
392.5 THz) is generated via Difference-Frequency Genera-
tion; see level scheme in Fig. 1. The idler field is an amplified
replica of the signal field. The crystal and strong pump beam
act as a phase-insensitive amplifier, meaning that the gain is
independent of the phase of the input signal field. The ultrafast
nature of this scheme stems from the ability to utilize a pi-
cosecond pulsed pump to achieve the conversion, allowing for
the sampling of picosecond-scale temporal information from
the signal field and transferring it into the idler field through
stimulated parametric amplification. However, in addition to
the signal and idler fields, the pump spontaneously amplifies
vacuum fluctuations at the wavelength of both signal and
idler. As we will see, these spontaneous fluorescence photons
will have an important effect in the measurement of photon
distributions of the photon field.

FIG. 1. Experimental setup. A 2 ps pump laser is sent to a BBO
crystal where it is combined simultaneously with a coherent laser
source (Ti:sapphire with typical power of 3–4 mW) and a thermal
source (superluminescent diode (SLED) with typical power of
40 µW after spectral filtering). Down-converted
photons are filtered and recorded using a CMOS
camera. The repetition rate of the camera,
1 KHz, matches that of the pulsed laser, allowing for single-shot
image recording.

A. Experimental setup and imaging

To demonstrate the capabilities of our setup to measure
photon statistics in space, we consider the case depicted in
Fig. 1 where the input state sent into the system is consti-
tuted of two input fields with different statistical properties
and spatial profiles. The first is a coherent state originated
from a Ti:sapphire laser, which has been spatially tailored
transversely using a Spatial Light Modulator (SLM) and a
Gerchberg-Saxton-based Mixed Region Amplitude Freedom
(MRAF) algorithm to create a spatial image in the form of
the letter “A” (see Appendix for more details about the SLM).
The second input field is generated from a thermal source
(Exalos, EXS210153-01) with a broad 20 nm spectrum, which
we spectrally filter with a spectrometer to retain a spectrum
of 0.2 nm width centered at 840 nm. This bandwidth ensures
a coherence time of 2 ps, suitable for observing the thermal
source with picosecond resolution. Afterward, we employ
a beam-shaping method to refocus the thermal light into a
small Gaussian beam with a waist of 15 microns. Both input
fields are combined with the pulsed pump laser via a 10/90
beam splitter and imaged onto the BBO crystal. After DFG
amplification [type 1 (o) + (o) ⇒ (e) with a crystal angle
of 29.14] at the BBO crystal, a bandpass (FF01-747/33-25)
and two high-pass and low-pass interference Semrock filters
(TLP01-790.25x36 and TSP01-790-25x36) are added to se-
lect only the optical fields centered around 763.3 nm with
roughly 1 nm bandwidth. The light emitted from the BBO
crystal at these frequencies is then imaged on a Hamamatsu
ORCA-Fusion CMOS camera. In this configuration, we col-
lect 10 000 single-shot 2D images at 1 kHz, the repetition
frequency of the pulsed laser. Figures 2(a) and 2(b) display,
respectively, the average photon number and the variance on
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FIG. 2. (a) Measured average number of photons in a two-
dimensional image using 10 000 single shot. (b) Variance of the
photon count over the image.

each pixel over the collection of 10 000 images. A selection of
the individual single-shot images is shown in the Appendix for
completeness. First, we observe that the output spatial photon
distribution clearly exhibits an A-shaped pattern, which cor-
responds to the input image generated by the SLM using the
coherent continuous-wave laser source. This result is achieved
because the phase-matching tolerance was carefully chosen,
ensuring that the transverse k components forming the image
are all amplified with the same magnification. This measure-
ment shows that the setup is capable of faithfully transforming
complex images to another wavelength. Second, we observe a
Gaussian shape spot at the center of the A-shaped distribution.
This spot originates from the thermal light source and displays
an average photon number similar to that of the coherent-
source A shape. The variance at the small spot inside the A
is much larger than that at the A shape itself. This important
distinction indicates that the statistical distribution of photons
forming the A shape is very different from that of the central
small spot.

B. 2D photon distribution analysis

We perform a quantitative analysis of the image by directly
evaluating the probability of photon count number at two
different positions within the image. To do so, we use the
10 000 single-shot images to construct two normalized his-
tograms that define two photon distributions at two different
positions marked in red and green squares in Fig. 3. The two
distributions are shown in semilogarithmic plots. The pho-
ton distribution measured at the green square location (right
panel), originating from the thermal input field, shows after
30 photon counts per pixel, an exponential decay in photon
number, a signature usually associated with thermal statistics.
Nevertheless, if we compare with a pure thermal distribution
that possesses the same average photon number as the experi-
mental measurement (dashed green line) we see a quantitative
discrepancy for photon count between 0 and 50. This indicates
that the measured distribution is not purely thermal.

The left panel of Fig. 3 displays the measured photon
distribution from the red square, originating from the con-
tinuous wave laser source. We can compare the distribution
with that of a coherent state with average photon number
corresponding to the measured one (dashed red line). We see
a strong disagreement between the two, indicating that the
measured photon distribution is not purely the one associated
with a coherent state. Despite these disagreements, we can still
conclude that this two-dimensional detection setup allows us
to qualitatively distinguish between the coherent and thermal
photon statistics present in the input state.

To be more quantitative, we can evaluate the intensity
autocorrelation function

g(2)
N = 〈N2〉

〈N〉2 = 1 + Var(N )

〈N〉2 , (1)

in the different regions of the image. In Eq. (1), N corresponds
to the photon counts at a chosen location in the image and 〈N〉
is its average value. However, as introduced above, the DFG
setup introduces amplified vacuum fluorescence at the wave-
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FIG. 3. Center: Single shot of a two-dimensional spatial distribution and associated density distributions of the photon counts relative to
two different positions in the image obtained from 10 000 single-shot measurements. Dots are the experimental results, and in red and green
lines are the theoretical curves calculated with g2D = 5.963 × 10−13 s m−1 for both a coherent and a thermal state. The red and green dashed
lines are coherent and thermal distribution, respectively, possessing the same average photon number as measured in the experiment. We also
note a slight deviation between the experimental points and the theory in both panels at large photon number. We think that this might come
from additional experimental imperfections like pump power fluctuation or beam pointing leading to gain fluctuation from shot to shot.
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length of the measured idler field. This fluorescence also has
an average photon number value 〈Nvac〉 and variance Var(Nvac)
that we denote as “vac” for vacuum for clarity, and it can be
directly measured in an experiment with no input signals. To
realize a precise computation of g(2)

N of the idler field, we need
to remove the photon count contribution originating in the
fluorescence from the measured variance and average photon
count. This can be directly done because photons emitted by
amplified spontaneous processes constitute independent pro-
cesses compared to photons emitted via stimulated parametric
processes. In the upcoming sections, we will treat this in
detail. Defining the corrected quantities,

〈Ncorr〉 = 〈N〉 − 〈Nvac〉 ,

Var(Ncorr ) = Var(N ) − Var(Nvac),
(2)

we deduce a corrected autocorrelation g(2)
Ncorr

:

g(2)
Ncorr

= 1 + Var(Ncorr )

〈Ncorr〉2 . (3)

Applying these formulas to the photon counts measured
at the position of the green square in Fig. 3, we obtain
g(2),thermal

Ncorr
= 2.15, which is close to the theoretical value of

2 expected for an ideal thermal source. Similarly, for photon
counts measured at the position of the red square in Fig. 3, we
obtain g(2),coherent

Ncorr
= 1.31, which is 30% off compared to the

ideal value of 1 for a perfect coherent source.
The two measurements of g(2) values and the full photon

distributions at the green and red square locations differ both
from the ideal thermal and coherent case. In the rest of this
paper, we will show that the difference between the measured
distributions and those of the input signal are of fundamen-
tal origin. They arise from the amplification of spontaneous
vacuum fluctuations and from the multimodal nature of the
system “nonlinear BBO crystal + strong pump” acting as
an amplifier. In the next sections, we propose to investigate
quantitatively these aspects and show how we can describe
comprehensibly the measured photon distributions using a
multimodal approach. The multimodal approach allows us to
have predictions that are plotted as solid lines in Fig. 3. They
capture remarkably well the measured distributions.

III. TEMPORAL MULTIMODAL DESCRIPTION

In this section, we present analytical, numerical, and ex-
perimental results that introduce and explain the temporal
multimodal description of the DFG amplifier. In the following
parts, for pedagogical purposes and to increase the complexity
of the description progressively, we restrict the analysis to a
“0D” description where we assume that all input fields are
plane waves. We expect this approximation to hold as long as
the transverse wave vector k components of the image, which
are converted through the DFG process, are all amplified
with the same gain owing to the phase-matching tolerance
chosen for the BBO crystal. The experiments described in
this section use a different BBO, compared to the case shown
previously, with a size of lc = 3 mm, optimized to work with
λs = 853 nm and λi = 753 nm. The analysis and the method
introduced in this section are generic and valid for various
nonlinear crystal with different parameters.

A. Singular value decomposition, Bogoliubov transformation,
and input-ouput relation

This part introduces the mathematical tools and conven-
tions to perform the modal treatment of the DFG process and
follows references [31–33]. We decompose the positive part
of the electric field in terms of the Fourier components:

Ê (+)(t, z) =
∑
n=s,i

En

∫
d� e−i(ωn+�)t eikz (ωn+�)zân(�, z), (4)

where � are sidebands with respect to the carrier ωn that
can take the value n = i for ωi and n = s for ωs and with
normalization factor

En =
√

h̄ω2
n

2ε0c2kn
, (5)

where ε0 is the permittivity of vacuum, c is the speed of light
in vacuum, h̄ is the reduced Planck constant, and kn the wave
vector of the optical field at frequency ωn. En has the meaning
of a single photon field amplitude. The operators â†

n(�, z)
and ân(�, z), respectively, create and annihilate photons at
frequency � at position z and obey the commutation relation

[ân(�, z), â†
n′ (�′, z′)] = δn,n′δ(� − �′)δ(z − z′). (6)

δ(� − �′) and δ(z − z′) are Dirac delta functions and δn,n′

is the Kronecker delta. The index n = {s, i} accounts for the
signal and idler fields collinearly propagating along the z
axis through the nonlinear medium. The interactions between
these fields are mediated by a strong classical pump pulse
of spectral amplitude Ap, and is such that we have perfect
phase matching at carrier frequencies: ωp = ωs + ωi and kp =
ks + ki. The wave vectors kp, ks, and ki are associated with the
pump, signal, and idler fields, respectively. In the undepleted
pump approximation, we will consider that the pump ampli-
tude does not vary over the propagation through the crystal;
i.e., it does not depend on z. This approximation is justified
as, in experiments, each pump pulse (1 kHz repetition rate and
average power of 50 mW) contains 1014 photons over which
only 107 at most are converted to realize nonlinear optical
amplification. Thus, the evolution of signal and idler is given
by [33]

∂

∂z
âs(�, z) = g

∫
d�′ K (�,�′, z) â†

i (�′, z), (7)

∂

∂z
âi(�, z) = g

∫
d�′ K (�′,�, z)â†

s (�′, z), (8)

where g is a parameter that depends on the crystal and field
properties (see Appendix for more detail), K (�,�′, z) =
Ap(� + �′)ei
(�,�′ )z is the kernel of the two integro-
differential equations, 
(�,�′) = kpz(� + �′) − ksz(�) −
kiz(�′) is the phase-mismatch angle that takes into account
for the dispersion and the birefringent character of the nonlin-
ear crystal, and knz(�) = kz(ωn + �) (for n ∈ {s, i}) is the z
component of the signal and idler wave vectors. Ap(� + �′)
is the unitless spectrum amplitude of the pump pulse (see
Appendix for more details).

Since Eqs. (7) and (8) are linear in the field operators, a
formal solution can be obtained in terms of a linear integral
transformation (see, for example, Refs. [31–33]), generalizing
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the usual Bogoliubov transformation. Since K is z depen-
dent, the exact solution can only be obtained by numerical
integration. On the other hand, it has been shown [33] that
the Magnus expansion truncated at first order provides an
accurate analytical description up to a degree of amplification
of about 12 dB in fields, which corresponds to an amplifi-
cation in photon number of a factor 16. In other words, this
approximation is valid as long as the system gain is smaller
than 16. In our work, the gain in Sec. II is always below 5
and in Sec. III always below 15, justifying the application
of this approach. The advantage of using truncated Magnus
expansion, as we will show below, is that the solution can
be cast in explicit form in terms of the normal modes of the
evolution, offering a visualization and understanding of the
modes in which photons are emitted. These modes are also

known as “supermodes” or “temporal” modes; we will use the
denomination “temporal modes” in this paper.

We start by rewriting Eqs. (7) and (8) in compact form, by
defining

ξ̂(�, z) =

⎛⎜⎜⎜⎜⎝
âs(�, z)

âi(�, z)

â†
s (�, z)

â†
i (�, z)

⎞⎟⎟⎟⎟⎠, (9)

so that the field evolution equation becomes

∂ ξ̂(�, z)

∂z
= g

∫
d�′ K(�,�′, z) ξ̂(�′, z), (10)

with

K(�,�′, z) =

⎛⎜⎜⎝
0 0 0 K (�,�′, z)
0 0 K (�′,�, z) 0
0 K∗(�,�′, z) 0 0

K∗(�′,�, z) 0 0 0

⎞⎟⎟⎠. (11)

As mentioned above, the solution of the z-dependent problem, Eq. (10), can be obtained in terms of the Magnus expansion
truncated at the first order. This is equivalent to the infinite Dyson series when z ordering is neglected. Then, associating an
“out” label to the position after the crystal size at z = lc/2 (ξ̂out (�) := ξ̂(�, lc/2)) and a “in” label for the position just before
the crystal at z = −lc/2 (ξ̂in(�) := ξ̂(�,−lc/2)), we do the Magnus expansion and integrate over the crystal size by considering
the following linear and symplectic transformation:

ξ̂out (�) =
∫

d�′ Exp
[
glcM1(�,�′)

]
ξ̂in(�′), (12)

with

M1(�,�′) =

⎛⎜⎜⎝
0 0 0 M̃1(�,�′)
0 0 M̃1(�′,�) 0
0 M̃∗

1 (�,�′) 0 0
M̃∗

1 (�′,�) 0 0 0

⎞⎟⎟⎠ (13)

and

M̃1(�,�′) =
∫ lc/2

−lc/2
K∗(�,�′, z)dz

= A∗
p(� + �′) Sinc

(

(�,�′)

lc
2

)
. (14)

M̃1(�,�′) represents the generic Joint Spectral Amplitude (JSA) that describes the coupling between sidebands at frequency
� and sidebands at �′, and Sinc(x) = sin(x)/x is the sinc function.

From the structure of Eq. (14), it is clear that the basis of Fourier modes originally employed for describing the electric fields
is not suitable for understanding the results of the dynamics of the pulsed DFG: That is, plane waves are not the eigenmodes
of the problem. Instead, it is desirable to find the normal modes that decouple the solution of Eq. (12). This can be obtained by
performing the Singular Value Decomposition (SVD) of the JSA [Eq. (14)], which leads to

M̃1(�,�′) =
∑

m

λmψm(�)φ∗
m(�′), (15)

where ψm(�) and φm(�′) are the temporal eigenmodes of the signal and the idler, respectively, and λm � 0 is the corresponding
singular value. It is interesting to note that this decomposition also induces an SVD of Eq. (12) that preserves the symplectic
structure of the problem, and it is known as Bloch-Messiah decomposition [31–36]. The latter can be written as

Exp[glcM1(�,�′)] =
∑

m

Um(�)DmU †
m(�′), (16)
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where

Um(�) =

⎛⎜⎜⎝
ψm(�) 0 0 0

0 φ∗
m(�) 0 0

0 0 ψ∗
m(�) 0

0 0 0 φm(�)

⎞⎟⎟⎠ (17)

and

Dm =

⎛⎜⎜⎝
cosh(gλmlc) 0 0 sinh(gλmlc)

0 cosh(gλmlc) sinh(gλmlc) 0
0 sinh(gλmlc) cosh(gλmlc) 0

sinh(gλmlc) 0 0 cosh(gλmlc)

⎞⎟⎟⎠. (18)

The two families of orthonormal functions {ψm(�)}m∈N
and {φm(�)}m∈N represent the components of the normal
modes of the DFG in the Fourier basis. Thus, the normal
modes in the temporal domain are given by

us,m(z, t ) =
∫

d�ψm(�)e−i(ωs+�)t eikz (ωs+�)z, (19)

vi,m(z, t ) =
∫

d�φm(�)e−i(ωi+�)t eikz (ωi+�)z, (20)

with the wave vector, kz, having an explicit frequency depen-
dence depending on the properties of the nonlinear medium.
Most importantly, we can thus write explicitly the field (in-
put/output) amplitude operators of these modes as

ĉm
s =

∫
d�ψm(�)âs,in(�), (21)

ĉm
i =

∫
d�φm(�)âi,in(�), (22)

b̂m
s =

∫
d�ψm(�)âs,out (�), (23)

b̂m
i =

∫
d�φm(�)âi,out (�), (24)

where we use the letter c for the input and the letter b for
the output. In this basis, the problem is written as a set of
decoupled two-mode Bogoliubov transformations⎛⎜⎜⎜⎜⎝

b̂m
s

b̂m
i

b̂m,†
s

b̂m†
i

⎞⎟⎟⎟⎟⎠ = Dm

⎛⎜⎜⎜⎜⎝
ĉm

s

ĉm
i

ĉm†
s

ĉm†
i

⎞⎟⎟⎟⎟⎠. (25)

We can now focus on the possibilities of creating idler
photons at the output of the crystal. From Eq. (25), we can
identify two different independent processes. First, we see that
the lower left term of Dm [Eq. (18)] allows for the conversion
of an input signal photon in a given mode m into an output
idler photon in the same mode. Second, the lower right term
is responsible for, in the first place, stimulated emission of
an idler field in the mode m at the output due to an existing
idler field in the mode m at the input, and in the second place,
spontaneous amplification of an idler vacuum field in a given
mode m at the output. Thus, we can summarize these different
processes with the following input-output relation for each
crystal eigenmode:

b̂m†
i = sinh (gλmlc)ĉm

s + cosh (gλmlc)ĉm†
i . (26)

Defining the mode gain as

Gm := cosh2 (gλmlc), (27)

we can rewrite Eq. (26) as

b̂m†
i =

√
Gm − 1ĉm

s + √
Gmĉm†

i . (28)

For completeness, we also give the relation of the produced
signal photons that can be obtained in the same manner:

b̂m†
s =

√
Gm − 1ĉm

i + √
Gmĉm†

s . (29)

We have derived the fundamental equations that link the
photon generated at the output of the crystal with respect to
photons present at the input. As a result of the SVD, each
mode m is independent and follows the same equation with
a gain value Gm that depends on the singular value λm of the
decomposition. A schematic representation of this process is
given in Fig. 4. An input signal Sin and an idler Idin field are
decomposed onto a set of orthonormal input modes {ψm, φm}.
Each mode pair m is independently amplified with a gain
Gm. The total output fields (Sout and Idout) are reconstructed
from these amplified components. The dashed line in the input
idler field in Fig. 4 represents the process in which a vacuum
idler field gets amplified to produce a nonzero average photon
number at the output. These photons are usually referred to
as fluorescence photons, which were already mentioned at the
beginning of this paper. For completeness, we stress that a
gain value of Gm = 1 means that no nonlinear conversion pro-
cesses occur and any input photon entering the crystal will exit
as an output photon in the same mode. In the configuration we
study here, this implies that no idler photon is created when
there is only signal photons in the input. For example, this is
the case when the probe pulse power is set to zero, leading to
g = 0 in Eq. (27).

B. Analytical and numerical structure of the temporal modes

In the following, we aim to obtain the spectral form of
the set of modes ψm and φm and the singular values λm. Ex-
perimentally, we only measure the photons emitted at around
λi = 750 nm, and signal photons emitted at around λs = 840
nm are filtered out via optical filters. We thus restrict the
analysis on the emitted idler photons. Treating the emitted sig-
nal photons presents no difficulties. To make the connection
between the experimental measurements and the theoretical
description above explicit, we identify specific idler and signal
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FIG. 4. Schematic representation of the DFG process in the temporal eigenmode basis.

sidebands in the Joint Spectral Amplitude and define

M1(�i,�s ) := M̃∗
1 (�′ = �i,� = �s)

= Ap(�i + �s) Sinc

(

(�i,�s )

lc
2

)
, (30)

where �s = ω − ωs and �i = ω − ωi. The phase mismatch,
responsible for the frequency-dependent conversion efficiency
in the BBO crystal, is generically expressed as 
(�i,�s ) =
kpz(�i + �s) − ksz(�i ) − kiz(�s). In the plane-wave approx-
imation, where the three fields only possess a k-component
along z (also called colinear phase matching), 
(�i,�s) can
be approximated in terms of a Taylor expansion truncated to
the second order,


(�i,�s ) ≈ (kp − ks − ki ) + [k′
p(�i + �s)k′

s�s − k′
i�i]

+ 1

2

[
k′′

p (�i + �s)2 − k′′
s �2

s − k′′
i �2

i

]
. (31)

In this expression, kp, ks, and ki represent the wave vectors at
the carrier of pump, signal, and idler, respectively. Similarly,
k′

p, k′
s, and k′

i represent the inverse of the group velocity dk/dω

at the pump, signal, and idler carrier, and k′′
p , k′′

s , and k′′
i

represent the second-order dispersion d2k/dω2 at the pump,
signal, and idler carrier. We consider the experimental situa-
tion where the three waves are phase matched (kp − ks − ki =
0) according to the type I configuration in which the pump at
λp = 400 nm with polarization along the extraordinary axis
produces a signal at λs = 853 nm and an idler at λi = 753
nm, both polarized along the ordinary axis. The frequency-
dependent refraction index for a BBO crystal is given by the
Sellmeier equations,

n(λ) =
√

A + B

λ2 − C
− Dλ2. (32)

A BBO crystal is a uni-axial nonlinear medium and, in
its reference frame, the x and y axes are characterized by
an ordinary refraction index no(λ) with Sellmeier coefficients
Ao = 2.7359, Bo = 0.018 782 µm2, Co = 0.018 22 µm2, and
Do = 0.013 54 µm−2, while the z axis is characterized by an

extraordinary refraction index ne(λ) with Sellmeier coeffi-
cients Ae = 2.3753, Be = 0.012 24 µm2, Ce = 0.016 67 µm2,
and De = 0.015 16 µm−2 [37]. For the three selected wave-
lengths, the perfect phase-matching condition (kp − ks − ki =
0) is found when the corresponding waves propagate at an
angle θ = 29.01 deg with respect to the optical axis of the
crystal. At this angle, the extraordinary refraction index seen
by the pump is given by

np =
(

sin2(θ )

ne(λp)2
+ cos2(θ )

no(λp)2

)−1/2

. (33)

On the other hand, the signal and idler waves see the ordinary
refraction index no evaluated at their wavelengths. Know-
ing the dispersion parameters, see Table I, one can evaluate
Eq. (31) and plot the phase-mismatch profile in Fig. 5(a) for a
crystal length of lc = 3 mm.

Multiplying the pump spectral function and the phase-
matching functions gives the joint spectral amplitude
M1(�i,�s) introduced earlier:

M1(�i,�s) = Ap(�i + �s) Sinc

(

(�i,�s )

lc
2

)
, (34)

which is plotted in Fig. 5(b). It shows the strength of the
frequency coupling in the nonlinear crystal, accounting for the
spectral limitation of the pump. The pump’s characterization

TABLE I. Dispersion parameters for critical phase matching of
BBO at room temperature.

λp = 400 nm, λs = 853 nm, λi = 753 nm

k′
p (×10−9 s m-1) 5.813 85

k′
s (×10−9 s m-1) 5.604 59

k′
i (×10−9 s m-1) 5.626 45

k′′
p (×10−25 s2 m-1) 1.961 16

k′′
s (×10−26 s2 m-1) 6.719 07

k′′
i (×10−26 s2 m-1) 8.202 17
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FIG. 5. (a) Phase matching and (b) the JSA profile in the (�i,�s )
space.

is provided in the Appendix. As explained in the previous
part, temporal modes can generally be obtained through the
numerical SVD of the JSA. However, apart from configu-
rations where the pump and phase matching are specifically
engineered to tailor quantum states [32,38], the JSA in most
experimental situations can be well approximated by a bivari-
ate that we define as Mana

1 (�i,�s ):

M1(�i,�s ) ≈ Mana
1 (�i,�s )

:= e−(�i+�s )2/2
2
1 e−(�i−�s )2/2
2

2 , (35)

where 
1 accounts for the JSA bandwidth along the direction
�i − �s = 0 and 
2 accounts for the JSA bandwidth along
the direction �i + �s = 0. This Gaussian approximation is
valid as long as the frequency window of the emitted photons
is small compared to the bending of the phase matching due
to second-order dispersion terms.

By using the approximation Sinc(x) ≈ exp(−x2/5), aim-
ing at matching the FWHM of the Sinc function by an
exponential, we identify Eq. (35) to Eq. (34) to obtain 
−2

1 =
8 ln(2)
−2

ω + 
−2
PM with 
−2

PM ≈ (2k′
p − k′

s − k′
i )

2l2
c /40. Since


ω ≈ 1.38 × 1012 sec−1 and 
PM ≈ 5.31 × 1012 sec−1, then

1 ≈ 0.584 × 1012 sec−1; 
−2

2 = (k′
i − k′

s)2l2
c /40, thus 
2 ≈

96.44 × 1012 sec−1. These numbers correspond to the case
of the experimental DFG with parameters shown in Table I
and with the pump spectrum characterization presented in
the Appendix. Thus, replacing M1(�i,�s) by Mana

1 (�i,�s)
in Eq. (15) allows us to solve analytically the problem and
obtain explicit solutions for the temporal modes in the form
of Hermite-Gauss functions and an expression for the singu-
lar value in terms of a geometric progression. The obtained
analytical results are

λana
m =

√
2π
1
2


1 + 
2

∣∣∣∣
1 − 
2


1 + 
2

∣∣∣∣m

, (36)

ψana
m (�i ) = 21/4τ 1/2

√
m!2mπ1/2

e−τ 2�2
i Hm(

√
2τ�i ), (37)

φana
m (�s) = 21/4τ 1/2

√
m!2mπ1/2

e−τ 2�2
s Hm(

√
2τ�s), (38)

where τ = 1/
√


1
2 and Hn(x) are Hermite polynomials.
To illustrate the validity of this description, we compare

the analytical modes calculated using the Gaussian approx-
imation and the numerical ones obtained through numerical
SVD of the JSA. Figure 6(a) shows representative tempo-
ral modes in the spectral domain. The analytical ones are

FIG. 6. (a) Signal temporal eigenmodes φm(�s ) for mode m = 4
and m = 1 obtained analytically (in red and blue) using the formula
of Eq. (38) and obtained by performing the numerical SVD of the
JSA (black and green). (b) Analytical and numerical singular value
λm associated with each mode m.

Hermite polynomials and thus even or odd. The numerical
ones present a slight asymmetry, as the kernel is not symmet-
ric due to the second-order dispersion in the phase-matching
term. However, the analytical formula describes well the tem-
poral modes and allows us to understand their oscillatory
behavior originating from the Hermite polynomial functions.
It is important to note that the representation in the time
domain of such modes is also close to a Hermite polynomial,
and thus strongly oscillating. The latter are represented on the
right side of Fig. 4. Finally, Fig. 6(b) compares the numerical
and the analytical singular values associated with each of
the temporal modes. Again, there is an excellent agreement
between the two, and the slight deviation observed is also due
to the presence of second-order dispersion in the numerical
calculation.

Although the analytical and numerical calculations agree
well, we use the numerical results throughout this paper.
The numerical approach incorporates second-order disper-
sion, which is present in the experiment, and is therefore used
to derive key quantities such as photon statistics. The purpose
of introducing the analytical modes here is to provide insights
into the properties of the temporal modes and to understand
their oscillatory nature in time and in the spectrum.

We have seen previously that the singular value decom-
position of the joint spectral amplitude M1(�i,�s ) can be
written in the following form:

M1(�i,�s ) =
∑

m

λmψm(�i )φ
∗
m(�s), (39)

where ψm(�i ) and φm(�s) are the respective crystal temporal
eigenmodes of the idler and the signal associated with a com-
mon singular value λm. We recall that ψm(�i ) are orthogonal
to each other; the same applies for φm(�s). These modes
are of fundamental importance because they constitute the
basis where two photons, simultaneously emitted in the same
set of modes φm and ψm through spontaneous or stimulated
parametric emission, are fully correlated (entangled) and are
statistically independent from photons emitted in modes with
different m. This allows us to understand why this temporal
mode basis is naturally suited to describe problems associated
with photon statistics.
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C. Input-output formalism and vacuum statistics

The evaluation of the photon number produced through the
DFG process can be done considering the independent sets
of eigenmodes obtained after singular value decomposition.
From each set of eigenmode m (for the idler and the signal),
we have seen in Sec. III A, Eqs. (28) and (29), that we can
write a set of coupled equations in an input-output formalism,

bm
i = umcm

i + vmcm
s

†
,

bm
s = umcm

s + vmcm
i

†
,

(40)

where um = √
Gm and vm = √

Gm − 1 are related to the mode
gain of Eq. (27).

From Eq. (40), it is possible to compute the probability
of having n photons in the idler mode m after the crystal
(experimental situation of interest), starting from the vacuum.
For a given m, we can call |0〉in the vacuum of the input
modes (idler and signal), such that cm

s |0〉in = cm
i |0〉in = 0. It

is convenient to introduce the state |0〉out, the vacuum of the b
operators, bm

i |0〉out = bm
s |0〉out = 0. Following [39], one easily

finds that

|0〉in = 1

um
e

vm
um

bm
i

†bm
s

† |0〉out = 1

um

∞∑
n=0

(
vm

um

)n

|n, n〉out, (41)

where |n, n′〉out corresponds to the state with n photons of bm
i

and n′ of bm
s .

Therefore, the probability of finding exactly n photons of
bm

i starting from the vacuum of cm
i and cm

s is

pm(n) = 1

u2
m

(
vm

um

)2n

= pm(1 − pm)n, (42)

with pm = 1 − ( vm
um

)2 = 1
u2

m
= 1/Gm. From this expression, we

can compute the average output photon number in mode m of
the idler,

〈n〉m = Gm − 1, (43)

and the corresponding variance,

〈
n2〉m = Gm(Gm − 1). (44)

The probability distribution Eq. (42) can also be rewritten as

pm(n) = 1

1 + 〈n〉m

( 〈n〉m

1 + 〈n〉m

)n

, (45)

where the only parameter is the average photon number in a
mode m: 〈n〉m. We see that the probability of emitting a photon
into a mode m knowing that we have the vacuum as an input
state follows a thermal distribution with 〈n〉m = Gm − 1 being
the parameter of the law. Importantly, as we expect photons to
be emitted in several modes, the resulting photon distribution
is expected to be the convolution of several thermal distribu-
tions with different 〈n〉m.

D. Measurement of the multimodal vacuum photon distribution

To compare the previous results with experiments, we
need, in the first place, to characterize the bandpass filter,
which is present on the experimental setup and aims at select-
ing only a small frequency window around the central idler
wavelength. To do so, we model the transmission function

FIG. 7. (a) Pass band frequency filter of 13 nm centered at
749 nm. The curve is a fit of the experimental data fitted as a
double sigmoid (see text). (b) Calculated transmission of the crystal
eigenmode through the filters.

of the filter T (ω) with a high-pass and a low-pass sigmoid
functions that we compare with experimental transmission
measurements realized with a Ti:sapphire laser whose fre-
quency is varied within a chosen scanning range; see Fig. 7(a).
Using this characterization and the explicit form of the mode
that we derived numerically, we can deduce the mode trans-
mission by calculating

Tm =
∫ ∞

−∞
φ∗

m(ω)φm(ω)T (ω)dω, (46)

which is shown in Fig. 7(b). From this transmission coeffi-
cient, using the calculation of the previous section, we can
deduce the average photon number per mode that would go
through the filter and thus will participate in the detection (hits
the detector):

〈n〉T
m = Tm(Gm − 1). (47)

More importantly, we can use the theoretical calculation of
the previous section, in association with the experimental
characterization of the transmission, to verify whether the pre-
dictions match experimental measurements of vacuum photon
statistics distribution. The measurements are performed by
recording 2000 single-shot measurements under pump only
illumination of the BBO crystal (no input signal field). We
do the statistical analysis on the pixels located at the center
of the measured emission profile to remain in the zone of
validity of a plane wave, 0D approximation [see Fig. 8(a)].
The histogram of the measured fluorescence after filtering
with the use of the spectral filter described above is plotted
in Fig. 8(b).

Using g as a fitting parameter, we can calculate the joint
probability of getting a photon on a detector knowing that
different modes emit photons according to their specific law
[see Eq. (45)]. Looking at Fig. 9, we notice that nearly no
photons are emitted in mode m = 40. In other words, modes
with m larger than 40 are not contributing to the photon
statistics and can be disregarded. Thus, to obtain the red curve
in the right panel of Fig. 8(b) we perform the numerical
convolution of the first 40th thermal laws that follow Eq. (45)
with 〈n〉T

m as a parameter. We obtain a remarkable agreement
in the description of the photon statistics between the experi-
ment and the theory, having only a unique fitting parameter
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x (µm)

y 
(µ

m
)

FIG. 8. (a) Average spatial distribution of the measured fluo-
rescence in a pump-only configuration. (b) Experimental photon
distribution from pixels in the central region of the image in panel (a),
and theoretical distribution computed with a fitted gain parameter of
g = g0 = 8.4218 × 10−13 s m−1 (red line).

g = g0 = 8.4218 × 10−13 s m−1. This agreement validates
the temporal multimodal description carried out in this work
and shows that it provides a good description to address quan-
titatively the statistics of photon count emitted by amplified
spontaneous emission processes.

E. Calculation of 0D photon statistics with input coherent state

After having explained the behavior of the photon statistics
emitted from the vacuum, we aim at describing a simple case
of a pure input state, which, specifically, in our experimental
case, will be a coherent state originating from a Ti:sapphire
laser. The first part of this section generalizes the calculation
done in Sec. III C to the case of an arbitrary pure input state in
the signal (and zero input photon in the idler).

As the temporal modes are independent, the calculation is
performed for a single set of modes m; thus, the index m is
suppressed for clarity. We first compute the distribution of the
number of output photons in the idler when starting from n0

input signal photons. Similar results have been obtained in the

FIG. 9. Calculated average photon number per mode emitted by
the BBO crystal and passing through the filter.

context of Hawking radiation [40,41]. We start by computing

|0, n0〉in = (c†
s )n0

√
n0!

|0〉in (48)

in terms of the out-states, that is (with x := v/u, u = √
G and

v = √
G − 1),

|0, n0〉in = (ub†
s − vbi )n0

u
√

n0!
exb†

i b†
s |0〉out. (49)

Using

(ub†
s − vbi )e

xb†
i b†

s |0〉out = (
ub†

sexb†
i b†

s − v
[
bi, exb†

i b†
s
])|0〉out,

= b†
s

u
exb†

i b†
s |0〉out, (50)

we have

|0, n0〉in = 1

un0+1
√

n0!
(b†

s )n0 exb†
i b†

s |0〉out. (51)

This implies that the probability of measuring the state
|n, n′〉out is

|out〈n, n′|0, n0〉in|2 = δn′,n+n0

1

u2(n0+1)

(n + n0)!

n0!n!
x2n. (52)

Considering an initial pure arbitrary state in the signal
mode, i.e.,

|ini〉 =
∑

n0

cn0 |0, n0〉in, (53)

where the cn0 are the superposition coefficients, we can use the
results above, and the fact that the states with different n′ do
not interfere with each other, thanks to the Kronecker delta, to
directly obtain

P(n) = 1

u2n!
x2n

∑
n0

(n + n0)!

n0!u2n0
|cn0 |2. (54)

If the initial state is a coherent state |0, α〉in, i.e., cn0 =
e−|α|2/2 αn0√

n0!
, then the sum over n0 reads

∑
n0

(n + n0)!

n0!u2n0
|cn0 |2 = e−|α|2 ∑

n0

(n + n0)!

n0!2

( |α|2
u2

)n0

,

= e−(1−1/u2 )|α|2 n!Ln

(
−|α|2

u2

)
, (55)

where Ln(z) is the nth Laguerre polynomial, and we used∑
n0

(n + n0)!

n0!2
yn0 = ∂n

y

∑
n0

yn+n0

n0!
,

= ∂n
y (yney),

= eye−y∂n
y (yney), (56)

as well as Rodrigues’ formula for the Laguerre polynomials
Ln(y) = ey

n!∂
n
y (yne−y).

Therefore, the number distribution for an initial coherent
state reads

P(α)(n) = (1 − x2)e−x2|α|2 x2nLn

(
−|α|2

u2

)
. (57)
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Using the generating function of the Laguerre polynomials,∑
n tnLn(y) = e− ty

1−t

1−t , we obtain the corresponding generating
function Q(α)(z) = ∑

n znP(α)(n),

Q(α)(z) = 1 − x2

1 − zx2
exp

(
−x2|α|2 1 − z

1 − zx2

)
, (58)

from which we compute the photon number average and vari-
ance (e.g., 〈n〉 = ∂zQ(α)|z=1):

〈n〉 = (|α|2 + 1)
x2

1 − x2
= (|α|2 + 1)v2,

〈
n2〉 = (1 + |α|2(1 + x2))
x2

(1 − x2)2
. (59)

For a given eigenmode m, this can be rewritten in terms of the
mode gain Gm and the decomposition of the initial state onto
the eigenmode m, αm,

〈n〉m = (|αm|2 + 1)(Gm − 1),

〈
n2〉m = Gm(Gm − 1)[1 + (2 − 1/Gm)|αm|2]. (60)

At this stage, it is important to point that in an ideal
single-mode and fluorescence-free response (removing the
contribution when |α|2 = 0), the first two moments of the
output photon distribution for large gain (G � 1) are given
by

〈n〉ideal = GN0,

〈
n2〉ideal = 2G2N0, (61)

with N0 = 〈n〉input representing the average photon number in
the input coherent state. An input coherent state possesses the
generic property that 〈n〉input/

√〈
n2〉input = √
N0; that is, its

signal-to-fluctuation ratio scales with the square root of the
average photon number. In the ideal single-mode response dis-
cussed in Eq. (61), this ratio becomes 〈n〉ideal/

√
〈
n2〉ideal =√

N0/2. We thus see that the signal-to-fluctuation ratio scales
less favorably with the average photon number. This indicates
that even in an ideal single-mode scenario, there exists a
fundamental limitation arising from vacuum contamination,
which increases the relative fluctuations of the output photon
distribution by a factor of

√
2. The amplifier does not preserve

the coherent photon statistics through amplification processes.
In order to continue the description using a multimodal

approach, it is important to find the αm coefficients of Eq. (60).
To do so, we need to compute the overlap integral between
the initial signal state and the crystal temporal eigenmode φm.
For the sake of simplicity, we will assume that the initial state
possesses the same spectral limitation as the one imposed by
the pump pulse beam: In the experiment, the signal beam
is a continuous wave source, and the response of the DFG
processes is solely set by the pulsed pump beam. Thus, we
will assume an input pulse having a spectrum

As(�s) = exp

(
−4 ln 2

�2
s


2
ω

)
, (62)

x (µm)

y 
(µ

m
)

FIG. 10. (a) Square of the overlap integral between the input co-
herent state and the temporal eigenmodes. (b) Normalized histogram
of the output photon count measured with 2000 single-shot images.
Inset: Average image over 2000 single shots of the emitted photons
spatial profile. The histogram is obtained by selecting the value of
the photon on the pixels located at the position of the blue disk.

with 
ω = 2.4 THz as for the pump pulse. Thus, the overlap
is calculated using

Om =
∫ ∞

−∞
As(�s)φm(�s)d�s, (63)

and shown in Fig. 10(a).
We see that the mode m = 0 contributes to nearly 30% of

the decomposition. We notice that after m = 20 the different
contributions lie in the percentage level. Finally, the |αm|2 are
just obtained from

|αm|2 = Ninput|Om|2, (64)

where Ninput is the average number of photons in the input
state.

F. Measurements of 0D photon statistics
with input coherent state

To compare the 0D description carried out previously with
the experiments, we need to evaluate the experimental input
photon number in the coherent state. We do so by evaluating
the number of photons existing over an area corresponding to
1 pixel of the camera (S = 66 µm2) over a time that include the
duration of the pulse pump beam 
t = 2.96 ps, knowing that
the pixel of interest is chosen to be at the central position of
the Gaussian intensity beam profile with a waist of ωr = 140
µm and power Ps. Thus, the average input photon number at
the central pixels of the measured spot is calculated as

Ninput = 2Ps
t S

h̄ωsω2
r π

. (65)

We recorded 2000 single-shot images for each Ninput that
we vary from 0 to 74. An example in the case of Ninput = 74
is given in Fig. 10(b) where the Region Of Interest for the
analysis is indicated as a blue disk in the inset. In Fig. 11,
we show the measurement of the first two moments of the
photon distributions realized with different power Ps ranging
from 0 to 2 mW corresponding to a variation of the average
input photon number from 0 to 74. The point at Ninput = 0
corresponds to the vacuum case presented in the previous
section, where we extracted a fitted value of the g parameter
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FIG. 11. (a) Average output photon counts as a function of the

average input photon number. (b) Standard deviation (
√


N2
output)

of the output photon distribution as a function of the average
input photon. The error on the experimental point is a system-
atic one, estimated to be ±10% due to optical waist and power
measurements. The black line is the calculation done with g0 =
8.4218 × 10−13 s m−1. The shadow zone around the theory curve
shows that prediction if we allow for a variation of ±5% of the fitting
parameter g0.

of g0 = 8.4218 × 10−13 s m−1. Importantly, we keep this
gain value estimated from vacuum statistics to compute the
prediction with a nonzero signal, using Eq. (60) to compute
the expected photon number emitted as well as the variance
contribution of each mode m. As the modes are independent,
a summation is done over the first 40 modes to get the total
number of photons as well as the variance. Similarly to what
has been done for the vacuum statistics, the transmission
through the filter is also taken into account. Finally, we obtain
the following formula for the prediction of the average and
variance of the output photon number:

Noutput =
∑

m

Tm(|αm|2 + 1)(Gm − 1),


N2
output =

∑
m

T 2
m Gm(Gm − 1)[1 + (2 − 1/Gm)|αm|2]. (66)

|αm|2 is given by Eq. (64), Gm by Eq. (27), and Tm by Eq. (47).
The computed first two moments are plotted with solid lines
in Fig. 11. Overall, we find a remarkable agreement between
the prediction and experiment, confirming that the system
in this configuration behaves effectively as a 0D amplifier
whose photon distributions can be fully captured by the mul-
timodal framework introduced above. An essential point is
that the gain parameter extracted from vacuum statistics alone
is sufficient to reproduce the results obtained with an input
coherent state, without any additional fitting. This demon-
strates both the predictive power and the internal consistency
of the temporal mode approach. Moreover, the analysis high-
lights the crucial role of the large number of contributing
modes—around 40 in our case—in shaping the output photon
distribution, underlying how multimodal effects intrinsically
limit the preservation of input photon statistics.

G. Calculation of 0D photon statistics with input thermal state

For completeness, we provide here a generalized calcula-
tion that describes the case when the input state is a statistical

mixture described by a thermal density matrix (keeping the
input idler state as vacuum). Again, as the modes are inde-
pendent, we perform the calculation on one set of modes and
suppress the label m for clarity.

The initial state is

ρin =
∑

n′

e−β h̄ωn′

Z
|0, n′〉inin〈0, n′|, (67)

with Z = ∑
n′ e−β h̄ωn′

and β the inverse temperature linked to
the average photon number. The average number of photons
in the input source is n̄ = (eβ h̄ω − 1)−1, and the probability
to measure n photons in the input signal is the usual thermal
distribution 1

1+n̄ ( n̄
1+n̄ )n.

The probability of finding n photons in the idler out-state
is [using Eq. (52)]

Pth(n) =
∑

k

out〈n, k|ρin|n, k〉out,

=
∑
k,n′

e−β h̄ωn′

Z
|out〈n, k|0, n′〉in|2,

=
∑
k,n′

e−β h̄ωn′

Z
δk,n+n′

1

u2(n′+1)

(n + n′)!
n′!n!

x2n,

=
∑

n′

e−β h̄ωn′

Z

1 − x2

n′!
1

u2n′
(n + n′)!

n!
x2n,

= 1 − x2

Z

x2n

n!

∑
n′

(n + n′)!
n′!

(
e−β h̄ω

u2

)n′

. (68)

Using
∑

n′
(n+n′ )!

n′! yn′ = ∂n

∂yn

∑
n′ yn+n′ = ∂n

∂yn
yn

1−y = n!
(1−y)n+1 , we

obtain

Pth(n) = 1 − x2

Z

x2n

(1 − e−β h̄ω/u2)n+1
,

= 1 − e−β h̄ω

u2 − e−β h̄ω

(
v2

u2 − e−β h̄ω

)n

,

= pth(1 − pth )n, (69)

defining pth. We remark right away that this distribution is also
thermal, with mean photon number 〈n〉 = 1−pth

pth
= v2

1−e−β h̄ω =
(G − 1)(n̄ + 1) and

Pth(n) = 1

1 + 〈n〉
( 〈n〉

1 + 〈n〉
)n

. (70)

Putting back the label m, we find that the output mean and
variance of the idler photon number in mode m reads

〈n〉m = (Gm − 1)(n̄m + 1), (71)

〈
n2〉m = (Gm − 1)(n̄m + 1)[(Gm − 1)(n̄m + 1) + 1]

= 〈n〉m(〈n〉m + 1). (72)

The latter result is that of a thermal distribution. Importantly,
we see that if the system is set in single mode configuration,
a thermal input state will stay thermal (with a higher tem-
perature) after the amplification. This is in stark contrast to
the coherent case when, in a single-mode restriction, we have
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FIG. 12. (a) Filter transmission in the configuration optimized
for λs = 840 nm. (b) Computed mode transmission Tm.

seen that the coherent photon statistic is not preserved after
amplification.

IV. EXPERIMENTAL SETTINGS FOR 2D
MEASUREMENTS

At the beginning of the article, we have presented
two-dimensional measurements allowing us to distinguish
qualitatively between two different photon number statistics.
We have seen that the measurements do not show quantita-
tively the ideal behavior associated with thermal and coherent
photon statistics. In this section, we will use the theoretical
results displayed in Sec. III to derive predictions that capture
the experimental behavior and, thus, explain the observed
alteration of the photon statistics through the nonlinear am-
plifier.

Importantly, as the experimental work conducted in Sec. II
has been done with a different BBO than Sec. III it is needed to
recalculate the JSA, the temporal modes, and the eigenvalues
to get the predictions. We do not provide all sets of figures de-
tailing these calculations, as they have been done in Sec. III,
but only provide the key information in order to be able to
compute the important quantities using the method explained
in Sec. III. We start by explicitly providing all the information
about the parameters used to perform the measurements on the
photon distributions of a coherent and thermal source, which
were different compared to the 0D characterization developed
in Sec. III. Indeed, as already mentioned, to improve the
imaging capability of the experimental setup, we changed the
BBO crystal with an lc = 2 mm length, allowing for a larger
phase-matching bandwidth for the transverse k component
of the image of interest, and we doubled the spatial size of
the pulse pump beam to increase the constant gain region
in the transverse plane. In addition, as we want to obtain
statistical information on the photons, we narrow down the
frequency filter window to maximize the contribution orig-
inating mainly from one mode. The filter is configured as
presented in Fig. 12(a), which leads to the mode transmission
presented in Fig. 12(b). The phase matching is optimized for a
signal of 840 nm and an idler of 763.6 nm (this corresponds to
an angle of 29.14 degrees). Using the crystal parameters given
in Table II, the FWHM of the pump spectrum of 
ω = 2.4
THz and the crystal size lc = 2 mm, we can calculate a new
JSA and perform an SVD to obtain the temporal modes and

TABLE II. Dispersion parameters for critical phase matching of
BBO at room temperature optimized with an angle of 29.14 degree.

λp = 400 nm, λs = 840 nm, λi = 763.6 nm

k′
p (×10−9 s m-1) 5.813 85

k′
s (×10−9 s m-1) 5.610 79

k′
i (×10−9 s m-1) 5.627 57

k′′
p (×10−25 s2 m-1) 1.961 16

k′′
s (×10−26 s2 m-1) 6.8984

k′′
i (×10−26 s2 m-1) 8.0428

eigenvalues associated with situation of Sec. II. Then, we
calculate the mode overlap with the input state accounting for
the pump pulse duration; see Fig. 13(a).

To analyze the statistical distribution of the output photons,
it is useful to define a quantity that isolates the contribution
of each temporal mode to the amplified signal of interest.
We therefore introduce the average photon number per mode,
corrected for fluorescence background, which reads

Nm
int = TmNinput|Om|2(Gm − 1). (73)

From this definition, one can directly evaluate the relative
weight of each mode in carrying the statistical information of
the input signal. This is quantified by

Cm = Nm
int∑

m Nm
int

, (74)

which informs us how much each temporal mode contributes
to the transmission of the input photon statistics through the
amplifier. A large value of Cm indicates that most of the
statistical information is carried by a single dominant mode,
whereas smaller values distributed over many modes indicate
that the information is spread across a multimodal response.
Figure 13(b) displays the computed values of Cm. We see
that the first mode contributes to 80% and the third one to
10%. The remaining contribution is split into the other modes.
We designed the experiment to produce this response, highly
peaked on the first mode, by selecting a small filtering win-
dow. The reason is that if we aim at preserving in the output

FIG. 13. (a) Calculated mode overlap between the initial state
and the temporal mode of the system when optimized for a signal
wavelength of 840 nm and a filter in the configuration of Fig. 12.
(b) Computed relative contribution of each mode to the statistical
information at the output, Eq. (74).
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field the statistical properties of the input field as much as
possible, we would need to work only with one temporal
mode. Otherwise, if we have a large collection of modes that
contribute significantly to the output, the measured statistics
will be a collection of the emitted photons in all the modes,
which will be described by the joint probability of all the in-
dependent mode distributions. The latter, in the limit of a large
mode number, will finally result in a Gaussian distribution due
to the central limit theorem and, thus, information on the input
field statistics will be washed out in the amplification process.

We can now compute the expected photon distributions at
the output of the BBO crystal using as input states the coherent
or thermal sources used in the experiments and displayed in
Figs. 2 and 3. It will allow us to compare the multimodal
approach used in this article with the experimental observa-
tions. To do so, we compute the first ten modal contributions
to the idler output states using the parameters presented in this
section and let the value of g as a free parameter. We use the
explicit formula for the photon distribution given by Eqs. (70)
and (57) for the thermal and coherent statistics, respectively.
In the case of the thermal distribution, the average number
of photons per mode that serve as the parameter of the law
is given by 〈n〉m = (Gm − 1)N th

input|Om|2, with N th
input = 35. In

the case of the coherent distribution, each mode has |αm|2 =
Nch

input|Om|2 and x2
m = (1 − 1/Gm), with Nch

input = 51.5. The
gains, Gm, calculated from Eq. (27) are given by the singular
values of the SVD, the crystal length lc of 2 mm, and a fitted
value of g = g2D = 5.963 × 10−13 s m−1. The smaller fitted
value of g compared to the experiments discussed in Sec. III
is consistent with the fact of having an experimentally larger
pump beam size in the case of the measurements of Figs. 2
and 3, while keeping the power constant. For each mode m,
knowing Tm, we calculate the expected photon distribution af-
ter the filter. To be complete, we also consider the false count
distribution coming from our detector. In our case, the ORCA
fusion camera has readout noise distributed in a Gaussian
manner with a standard deviation of σ = 3.05 photon count.

The calculated probability distributions for thermal and
coherent input signals are plotted in Fig. 3. The predictions
obtained from the multimodal framework reproduce the ex-
perimental photon distributions with excellent accuracy. This
agreement confirms that the deviations observed from ideal
coherent and thermal statistics originate naturally from the
combined effects of vacuum contamination (fluorescence) and
the multimode response of the amplifier, which offers a clear
explanation of the experimental system’s response.

V. CONCLUSION AND OUTLOOK

In this work, we have demonstrated a method to measure
spatially resolved photon statistics using difference-frequency
generation in a BBO crystal. By introducing a temporal mul-
timode decomposition of the system response, we have shown
that the amplification process can be described as a set of
independent parametric channels, each corresponding to a
temporal eigenmode. This framework provides an accurate
and physically intuitive modeling of both fluorescence gen-
eration and signal amplification, and explains how multimode
effects shape the measured photon statistics.

The central result of this study is twofold. First, we es-
tablish the capability of resolving photon statistics across
two spatial dimensions and demonstrate that our setup can
qualitatively discriminate between coherent and thermal input
states. Second, we show that the observed deviations from
ideal distributions can be fully explained by vacuum contam-
ination and the multimodal response of the amplifier. This
dual outcome both validates the experimental platform and
highlights the importance of temporal modes in determining
the fidelity of photon statistics measurements.

Beyond this proof of principle, our approach establishes
a robust optical platform for bidimensional photon statis-
tics measurements. Such a capability is particularly relevant
for hybrid light-matter systems, where photon correlations
encode key signatures of many-body physics. In exciton-
polariton microcavities, for instance, single-shot access to
photon statistics in two dimensions could provide crucial
insights into the onset of superfluidity [42–48], the role of
fluctuations, and the emergence of turbulent behavior [49,50]
driven by vortex interactions.

Looking ahead, several promising directions emerge from
this work. First, the integration of engineered nonlinear mate-
rials, such as periodically poled crystals, could offer increased
flexibility in phase matching and allow tailoring of the tempo-
ral mode structure. Considering type II phase matching could
offer twofold benefits: the possibility of separating signal and
idler based on polarization, and the opportunity to engineer
the process to operate in a temporally single-mode regime.
Finally, other nonlinear processes could also be considered
for one-shot two-dimensional photon statistics measurements,
such as sum-frequency generation or four-wave mixing. The
use of SFG could allow direct access to the input statistics,
without the need to infer them as we have done here, provided
that the 100% efficiency limit is reached. While in single-
pass configurations, such as those in Refs. [28,33,51], the
efficiency cannot exceed 80%, temporal-mode interferometry
schemes, such as those proposed by Ref. [52], could allow
approaching near-unity efficiency.
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FIG. 14. Single shots of 2D spatial distributions. The A shape
is made from an SLM and a Ti:sapphire laser, while the central
spot originated from a filtered Exalos light source. The axes are in
microns.

DATA AVAILABILITY

The data that support the findings of this article are openly
available [53].

APPENDIX A: SINGLE-SHOT MEASUREMENTS

For completeness, in Fig. 14 we present a few single shots
from the pool of 10 000 recorded images.

APPENDIX B: SPECTRAL AND TEMPORAL PROPERTIES
OF THE PUMP FIELD

The intense 400 nm pulse used for DFG is generated by
frequency-doubling an 800 nm pulse emitted from a Legend
Elite Coherent laser system. The temporal width (FWHM)
of the 800 nm pulse was measured with an autocorrelator
(APE PulseCheck) and found to be 
autoco

t = 4.2 ps. Assum-
ing a Gaussian intensity profile, we apply a deconvolution
factor of 0.707, yielding an intensity FWHM of 
I,800 nm

t =
0.707 × 
autoco

t = 2.96 ps. In the experiment, this pulse is
frequency-doubled to produce the 400 nm beam. Ideally, the
intensity FWHM of the resulting 400 nm pulse is expected to
be reduced by a factor

√
2, giving 
I,400 nm

t = 
I,800 nm
t /

√
2 =

2.02 ps. Correspondingly, the FWHM of the 400 nm field
amplitude envelope is expected to be 
t = √

2 × 
I,400 nm
t =

2.96 ps.
Nevertheless, we measured the spectrum of the 400 nm

pulse with an Optical Spectrum Analyzer and found an
FWHM of 
ω = 2.4 THz. For information, the Fourier limit
due to the pulse duration for a Gaussian pulse is 
F

ω = 0.44 ×
2π/
t = 0.93 THz. The measured spectral width is thus ap-
proximately 3 times larger than this limit. This discrepancy
likely arises from the frequency-doubling process used to
generate the 400 nm pulse, which can introduce spectral phase
distortions. As we do not have precise information about the
resulting spectral phase, and since its impact is limited to
minor modifications of the temporal mode shape and fitted
gain values, we choose to neglect it. For simplicity, we will
therefore assume throughout the paper that the pump pulse

target experimentalSLM

x [mm]

y
 [
m

m
]

x [mm] x [mm]

FIG. 15. (a) Target intensity pattern generated by the MRAF
algorithm with mixing parameter m = 0.4 after n = 100 iterations.
(b) Corresponding phase mask generated and addressed as shown
in Fig. (1). (c) Experimentally measured intensity distribution at the
Fourier plane of an f = 150 mm lens.

spectrum is given by

Au
p(�p = ω − ωp) = A0

pAp(�p), (B1)

with �p the sideband of the pump. By energy conserva-
tion (�p = �s + �i), we can rewrite the pump spectrum

like Ap(�i + �s) = exp −[4 ln 2 (�i+�s )2


2
ω

], with �i = ω1 −
ωi, �s = ω2 − ωs, A0

p is the unitless peak spectral amplitude,
and ω1 and ω2 are two independent frequencies necessary to
understand the nonlinear processes.

APPENDIX C: SLM SETUP

This part provides a details about the creation of a complex
input image using an SLM. The A input single image used in
the second part of the article to demonstrate faithful imaging
was created by tailoring the coherent input beam from the
Ti:sapphire laser with a phase-only spatial light modulator
[54]. Doing so, we created a complex shape possessing a rich
transverse kx and ky distribution. To realize this input state, we
developed a homemade MRAF algorithm [55] allowing us to
obtain a desired image with 20% overall error. The explicit
python code developed for creating the phase mask can be
found in the corresponding GitHub repository [56]. The target
intensity, the phase mask applied to the SLM, and the recorded
image measured with a regular camera at the Fourier plane of
the SLM are represented in Fig. 15.

APPENDIX D: CRYSTAL GAIN AND RELATION
WITH EXPERIMENTAL PARAMETERS

We have seen above that the mode gain is defined by

Gm = cosh2 (gλmlc), (D1)

with lc the crystal length over the propagation axis and g is
linked to the medium and fields through [57]

g = ∣∣A0
p

∣∣χ (2)

2

√
ωsωi

c2n(ωs)n(ωi)
, (D2)

where n(ωs) and n(ωi) are the crystal refractive index evalu-
ated at signal and idler frequencies, respectively, and χ (2) =
3.91 × 10−12 m V−1 is the nonlinear coefficient associated
with the BBO crystal. A0

p is the spectral amplitude of the
pump. In the experiment, A0

p depends on the waist and the
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optical power of the pump beam, which can vary shot to shot.
That is why in the main plot of the paper, we allowed for a

variation of ±5% of g to obtain the shadow area that illustrates
the sensitivity to typical experimental variations of g.
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