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EXPERIMENTAL SET-UP

The experimental setup employs a continuous wave (CW) single-frequency laser source (Koheras MIKRO, NKT
Photonics) operating at 1550 nm with a maximum output power of 40 mW and a linewidth < 0.1 kHz. The laser
output is split equally using a 50/50 beam splitter, with one part serving as input to a local oscillator and the other
being modulated into 1.4 ns pulses via an electro-optical modulator (EOM, iXblue MXER-LN-10), which is controlled
by an arbitrary waveform generator (AWG 7000B, Tektronix). To reduce residual laser light entering the ring, an
acoustic optical modulator (AOM, AA Opto-electronic MT110-ITR30-Fio-PMO0.5) with an extinction power of -70 dB
is incorporated. The AOM is shaped in a gate centred in time at the pulse generated by the preceding EOM. The
prepared injection signal is then introduced into the long « ring through a 70/30 beamsplitter.

The pulse evolution follows a split step walk. The two fiber rings  and 8 are coupled via a high-bandwidth 40
GHz electronically controlled variable beamsplitter (EOSpace AX-2x2-0MSS-20). Each ring has an Erbium-doped
fiber amplifier (EDFA, Keopsys CEFA-C-HG) and an optical variable attenuator (VOA, Agiltron) which are used to
finely compensate for round trip losses.

A 90/10 beamsplitter within each ring extracts light for measurement. To access both amplitude and phase
information of sublattices ] and 3", a heterodyne measurement technique is employed. This involves beating the
wavefield extracted from the double rings with a local oscillator reference field. This field is derived from the laser
used to inject the initial pulse and is frequency-shifted by 3 GHz using an electro-optic modulator. The beating
interference between the signal and the local oscillator is converted to electrical signals using a fast photodiode
(Thorlabs DET08CFC) operating at 5 GHz. These signals are then captured and analyzed using a high-performance
oscilloscope (Tektronix MSO64) featuring a 6 GHz bandwidth, 10-bit vertical resolution, 25 GS/s sampling rate, and
a memory record length of 62.5 Mpts corresponding to 2.5 ms, enabling very detailed signal analysis of the beating.

COMPUTATION OF THE BERRY CURVATURE AND CHERN NUMBERS

To compute the Berry curvature, the eigenvectors of our lattice need to be accessed experimentally. Data is collected
by recording the output intensity from both fiber loops using an oscilloscope. The resulting signal displays groups
of pulses separated by the average round-trip time of T = 224.94 ns, with pulses within each group spaced AT
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FIG. S1. (a) Zoom on the first time steps of the measured time trace of the signal intensity at the output of the « fiber
loop. (b) Spatio-temporal diagram of the « ring reconstructed from the time trace in (a). (c) Measured bands in one Brillouin
zone for the a after zooming the region at w + 2 frequencies in panel (d). (d) Two-dimensional Fourier transform (2DFT) of
the stroboscopic spatio-temporal diagram of the «. The first steps of the spatiotemporal diagram are shown in (b). The full
spationtemporal diagram spans over 120 steps.



= 3.4 ns apart due to the length difference between the two fiber loops as shown in Fig. S1.(a). This time trace
is then segmented and arranged into a spatio-temporal diagram (Fig. S1.(b)) for further analysis. Crucial phase
information is retrieved by subjecting the signal to optical heterodyne measurement with a reference continuous wave
laser, frequency-shifted by about 3 GHz, producing observable fringes in the recorded signal.

The interference between the local oscillator and the signal evolving in the rings contains phase information relevant
to the measurement of the band structure (see the beating signal on top of each pulse in Fig. S1.(b)). The band
structure is reconstructed by performing a numerical two-dimensional Fourier transform (2DFT) on the stroboscopic
spatio-temporal diagram of Fig. S1.(b) of each ring at time steps corresponding to integer Floquet periods (m =
4,8 12,--+). This yields periodic eigenvalue bands spanning about 10 GHz in the quasimomentum direction this
value is fixed by the time resolution of the oscilloscope that records the time trace) and 1.12 MHz in the quasienergy
direction, see Fig. S1(d). We focus on a single Brillouin zone at around a frequency of 3GHz as shown in Fig. S1(c).
The vertical and horizontal axis of the dispersion are then relabelled to span the full spectral Brilluoin zone both in
quasienergy E and quasimomentum k, spanning both from —7 to .

Environmental factors can cause fluctuations in fiber length, resulting in shifts of the band structure. To diminish
these fluctuations we use a protocol using piezos to lock the lengths of the rings. Even after this compensation we
still have slight shifts in band structure. To compensate for these minor shifts, the experimental setup employs a
dual-pulse technique to reconstruct and calibrate the two-dimensional band structure of our synthetic lattice created
using coupled fiber rings.

This method utilizes two consecutive 7 = 1.4 ns pulses: a calibration pulse and a science pulse. The calibration
pulse, enters the ring and evolves in time with a constant splitting of 50/50 in the variable beamsplitter and no phase
modulation. The spatio-temporal evolution dynamics produces a well-known reference band structure. In contrast,
the science pulse implements the experimental system of interest, featuring controlled coupling values of variable
beamsplitter and phase modulation of phase modulator. The calibration pulse’s band structure is compared to its
theoretical model, allowing for the measurement of horizontal and vertical shifts. These measurements are then used
to calibrate the axes, which remain valid for the subsequent science pulse measurement.

For eigenvector extraction, first, for each quasimomentum value, the experimental bands are identified by scanning
around the analytically computed bands to locate intensity maxima. Next, the complex amplitudes & and B of the
measured bands are obtained at each quasimomentum point for both the o and 8 rings. From them we extract the
amplitude ratio R(k,¢) between & and § and their phase difference ®,4(k, ¢). To reduce noise in the measurement
of the amplitude ratio R, the recorded intensity is integrated over a small range surrounding the band maximum for
each k value as shown in Fig. S1.(c). This ratio R and the phase difference ®,4 of the complex amplitudes directly
yield the eigenvectors.

Again the calibration shot is crucial for establishing a consistent phase reference across different measurements;
specifically, the phase is rigidly shifted to zero at k = — in the calibration shot, and this shift is applied to the
science shot. The sublattice phase pattern ®,5(k, o) is then reconstructed from independent measurements taken at
various values of ¢ € [—m, 7], utilizing the calibration shot as a reference. To obtain the final eigenvectors |i) defined
by Equation S1 smoothing is applied to the resulting matrices |R(k, )| and @, 5(k, ¢):

(o) _ 1 1
W= (5(k,s0)> 1+ Rk, )] <|R(k,¢)|e@aﬁ<k’<ﬁ>> (S1)

where,

_ Bk,o)
a(k, )

Figures S2.a-b and S3.a-b show the experimentally measured |R(k, )| and ®,a(k, ) for the upper band corre-
sponding to the two cases with C = 0 and 2 described in Figs. 3 and 4 of the main text. Panels (d) and (e) show
the corresponding analytical calculation using Equation S36. We can now compute the Berry curvature using the
measured eigenvectors.

The Berry curvature is computed utilizing the natural discretization of the Brillouin zone derived from the experi-
mental data. The calculation involves the product of eigenvectors of a given band at the four corners of each square
in the discretized Brillouin zone. The four-points formula is used to compute the Berry curvature (or Berry phase)
per unit cell for each plaquette of the discretization [1]:

BC = —Tm log [(¥1[th2) (t2]th3) (1h3]tha) (tha]ti1)] (S3)

where [1);) represents the eigenvector at each corner of the square.

R(k, ) = |R(k, p)|e"®or F¥) (S2)
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FIG. S2. Chern Number C* = 0 for the upper band of the model with §; = 0.1257, #2 = 0.257, 3 = 0.4387 and 64 = 0.438.
Experimental relative amplitude and phase difference between the two sublattices for the eigenvectors are shown in a, b and
their corresponding analytical calculations in d, e. (c) Measured Berry curvature of the upper band for this lattice model and
corresponding measured Chern number shown on top. (f) Theoretical Berry curvature of the upper band for this lattice model
and corresponding Chern number shown on top.
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FIG. S3. Chern Number C™ = -2 for the upper band of the model with §; = 0.1257, 82 = 0.257, 63 = 0.57 and 64 = 0.257.
Experimental relative amplitude and phase difference between the two sublattices for the eigenvectors are shown in a, b and
their corresponding analytical calculations in d, e. (c¢) Measured Berry curvature of the upper band for this lattice model and
corresponding measured Chern number shown on top. (f) Theoretical Berry curvature of the upper band for this lattice model
and corresponding Chern number shown on top.

The Chern number is determined by integrating the Berry curvature over the entire Brillouin zone:

1
=5 > BC (S4)
BZ

The Chern number is a bulk topological invariant which provides crucial information about the global properties of



the lattice, band structure and associated wavefunctions. In Figs. S2 and S3 we show the experimentally measured
Chern number in panel (c) and their corresponding analytical calculation in panel (f).

DISCRETE-STEP FLOQUET OPERATORS IN REAL SPACE

The discrete-step walk generated by the experimental setup is described by the general coupled equations. Equation
S5 is a more general form of Equation (1) of the main text.

aln,m+1) = =1 (cos(0(n — 1,m))a(n — 1,m) + isin(@(n — 1,m))B(n — 1,m)) (55)
B(n,m+1) =cos(f(n+1,m))8(n+1,m) +isin(d(n+ 1,m))a(n+1,m)

It shows how the original pulse splits at each time-step m depending on the value of the variable beam splitter 8 and
acquires a phase due to the phase modulator ¢ acting on the « ring. a(n, m) and 8(n, m) are the complex amplitudes
of light pulses in the long and short rings respectively. The system can be understood as a one dimensional quantum

walk with a parametric dimension .

To describe the light dynamics after four time steps, we replace m with m + 3 in Equation S5. We then iterate
Equation S5 to relate the complex amplitudes of & and 3 at time step m to those at time step m+ 3. For our four-step
protocol, the final equations of motion describing the time evolution during each full period are given by:

aln,m+4) = (ei“"(”_1’7”+3)eW("_Q’m”)ei‘P("_&mH)eW(”_‘l’m)T(n —4,m)T(n—1,m+ 3)
xT(n—2,m+2)T(n—3m+1))aln—4,m)
+ (iePn=tm+8) giv(n=2m+2) gip(n=3.m+1) gie(n=4m) R _ 4 m)T(n —1,m + 3)
xT(n—2,m+2)T(n—3m+1))3(n—4,m)
+ (= tmA3) gie(n=2m+2) pie(n=3m+V p(y _ 9 m)R(n — 3,m+ 1)T(n —1,m+ 3)T(n — 2,m + 2)
— etn=tmtl) gipn—Lm+3) giv(n=2m) (1 4+ 2)T(n — 2,m)R(n — 1,m + 3)T(n —1,m + 1)
— ei(n=Lm+3) pip(n=2m+2) gie(=2m)P(n _ 9 m)R(n —1,m+1)R(n — 2,m + 2)T(n — 1,m + 3))a(n — 2,m)
+ (iet$(ntmA3) giv(n=2:m+2) pie(n=3m+ V(9 m)R(n — 3,m+1)T(n—1,m~+3)T(n—2,m +2)
— jet(n=lm+3) gie(n=2m+2) gic(n=2m) Ry _ 9 m)R(n —1,m + 1)R(n — 2,m + 2)T(n — 1,m + 3)
— jeten=lmil) gip(n=1m+3) piv(n=2:m) p(p m 4 N R(n — 2,m)R(n — 1,m + 3)T(n — 1,m +1))B(n — 2,m)
+ (etpn=tmi ) givn=1m43) iy m)R(n,m + 2)R(n — 1,m + 1)R(n — 1,m + 3)
— eten=lm3) i) Py )T (n,m + 2)R(n + 1,m + 1)R(n — 1,m + 3)
— en=Llm43) gie(=2mID R MYR(n — 2,m + 2)T(n — 1,m + 1)T(n — 1,m + 3))a(n, m)
+ (ie?? (=LA i =2mAD Py mYR(n — 2,m + 2)T(n — 1,m + 1)T(n — 1,m + 3)
— jete(n=Lm+3) gie(nm) Ry m)T(n,m + 2)R(n+1,m + 1)R(n — 1,m + 3)
— jeten=lm D) gie(=tmE) Py ) R(n,m 4+ 2)R(n — 1,m + 1)R(n — 1,m + 3))B(n,m)
+ (=L EI Ry 4+ 2 m)T (n,m + 2)R(n — 1,m + 3)T(n 4+ 1,m + 1))a(n + 2,m)
+ (eI Ty m 4+ 2)T (0 + 2,m)R(n — 1,m + 3)T(n+ 1,m +1))8(n + 2,m)
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B(n,m + 4) = (ie?m—Lm+1) gie(nm+2) gio(=2m)p(n 1y 4 NT(n — 2,m)R(n+1,m+3)T(n —1,m+ 1))a(n — 2,m)
+ (—etpn=lmt) giv(nmt2) gie(n=2m) R _ 2 m)T(n,m+ 2)R(n+1,m + 3)T(n — 1,m +1))8(n — 2,m)
+ (" (FLmID i (nmI T m)R(n 4+ 2,m 4 2)T(n+1,m 4+ 1)T(n+ 1,m + 3)
—jeten=lmi D) giemA) Ry )T (n,m + 2)R(n — 1,m + 1)R(n+1,m + 3)

— ie? M) g mED T (1 ) R(n,m 4+ 2)R(n + 1,m + 1)R(n + 1,m + 3))a(n, m)

+ (etmm)gie(mm+2) Ry mYR(n,m+ 2)R(n+1,m + 1)R(n +1,m + 3)

— eientlmtd) giemm) Ry m)R(n+ 2,m+ 2)T(n+1,m+ 1)T(n+1,m + 3)

— eien=lm+D) gie(m+ Py )T (n,m+ 2)R(n — 1,m + 1)R(n + 1,m + 3))B(n,m)
+ (12T (n 4+ 2 m)R(n 4 3,m + 1)T(n+1,m + 3)T(n + 2,m + 2)

— eI R, m 4+ 2)R(n +2,m)R(n+1,m + 3)T(n+1,m + 1)

— eI R 42 mYR(n + 1,m + 1)R(n + 2,m 4+ 2)T(n+ 1,m + 3))a(n + 2,m)
+ (=D Ry m 4+ 2)T(n + 2,m)R(n+ 1,m + 3)T(n+1,m + 1)

— e 2M R 42 m)R(n+ 3,m + 1)T(n+1,m + 3)T(n + 2,m + 2)

— LD () L 2 mYR(n41,m + 1)R(n+2,m+2)T(n+ 1,m + 3))B(n+ 2,m)
+ (iR(n+4,m)T(n+1,m+3)T(n+2,m+2)T(n+3,m+1))a(n+4,m)

+(Tn+4,m)Tn+1,m+3)T(n+2,m+2)T(n+3,m+1))B8(n+4,m)
(S6)

where T'(n,m) = cos(0(n,m)) and R(n,m) = sin(6(n,m)).

In the four-step model, the coupling angle 6§ and phase modulator ¢ have a cyclic behaviour, each alternating
between four distinct values within a single Floquet period Tr. The four-step model exhibits double periodicity:
spatial (every two sites n i.e. sites 0, 2, 4, 6, ---) and temporal (every four-time steps m i.e. steps 4, 8, 12, ---) as
shown in Fig. S5. Therefore, in Eqs. S6 we fix the angles at different times m and sites n to

H(n,m) = 917,1 = 01, 0(n,m+ 1) = 02,n = 92, G(n,m + 2) = 9377,, = 93, G(n,m + 3) = 94,n = 04

(S7)
@(nvm) = P1,n = +§07 @(nﬂm + 1) = P2.n = —P, <p(n7m + 2) = P3n = +<)07 @(n,m + 3) = P4an = —¢

This means that for a time step m all the coupling ratios and phase modulation are constant throughout the lattice,
inn a sequence that is repeated every four steps. In these conditions, Eq. S6 simplifies to,

a(n,m+4) =TToT5Tya(n —4,m) + RiToT5Tyi B(n — 4,m)
— (RyR3T1 Tye' + RiRoT3Tye™ " + R3RyT1 Toe ") a(n — 2,m)
— (R1RoR3Tyie'? + RiR3RyToie™ ¥ — RoTy\T3Tyie™ %) B(n — 2,m)
— (R R3TyTy + RyRyTh T3 — Ry RyR3Rye™ %) a(n, m)
— (R1RyR4T3i — RsTy\T5Tyi + RyRs R Tyie %) B(n, m)
— RiR,TyTze” % an 4 2,m) + Ry ToTsie™ "% f(n 4+ 2,m)

Bn,m+4) = TYTbT3Ty f(n + 4,m) + RiTeT3Tyia(n + 4,m)
— (RiRoT3Tye™ + R3RyT1 Toe'? + RoR3TyTye '?) B(n +2,m)
— (RyR3R4Tyie™? + Ry RoR3Tyie ™" — RoTyT3Tyie'?) a(n + 2, m)
— (RyR3TyTy + RoRyT\ T — Ry RyR3R4€*%) B(n, m)
— (RyRyRyT3i — R3TyToTyi + RoR3RyTyie*?) a(n, m)
— RiR T5T3e"? B(n — 2,m) + RyTy ToTxie’™® a(n — 2,m)
where T; = cos(6;) and R; = sin(#;) with j = 1, 2, 3 and 4.

For an infinite lattice (i.e., a system without boundaries) under the four-step protocol, the full Floquet operator
Ur, is defined by Eq. S8. This operator characterizes the evolution of the infinite lattice in real space, incorporating



spatially couplings 6, phase modulations ¢, and its periodic temporal modulation. The operator U o, can be expressed
as:

.U Uy 0 0 0 0
U. Uy U, U4 0 0 0 0
U_ U. Uy Ug Uy 0 0 0
|l 0o U_ U. U U Uy 0 0
Ure =1 o 0 U_ U U, Uy Ugp 0 (89)
0 0 0 U._ U. Uy Uy Ugq
0 0 0 0 U__ U_. Uy Uy
0 0 0 0 U__ U_
the different blocks are given by:
U — RiRyR3R ™ %% — RyRyT\Ts — R1R3ToTy RsTiToTyi — Ry Ry Ry Tsi — RyRaRyTyie™ 2% (S10)
0= R3T1T2T4i — R1R2R4T3i — R2R3R4T1i622¢ R1R2R3R4621¢ — R2R4T1T3 — R1R3T2T4
U, — —R1R4T2T3€_i¢ R4T1T2T3i€_i¢
T R2T1T3T4’L.€i<p — R1R2R3T4Z'€_Z¢ — R1R3R4T27;€ﬂp —R1R2T3T4€i@ — R3R4T1T2€ﬂp — R2R3T1T4€_i¢
(S11)
0 0
Uit = (R1T2T3T4i T1T2T3T4) (812)

U — —R2R3T1T4ei<’o — R1R2T3T4e_vi¢ — R3R4T1T2€_il’a R2T1T3T4Z'€_il’a — R1R3R4Tgie_'iw — R1R2R3T4iei"’
- R4T1T2T3ie“" —R1R4T2T367'<’0
(S13)

(S14)

<T1T2T3T4 R1T2T3T4i>
U= 0 0

The eigenvectors of the infinite lattice |¥) are expressed in the basis of {a, 8}. This lattice configuration exhibits
periodic boundary conditions (PBC) in both the spatial dimension n and the synthetic dimension . In this context,
the matrix can be interpreted as a unitary representation of a dimerized lattice. The couplings between adjacent
dimers are characterized by U, while the couplings between next-nearest neighbouring dimers are represented by
Uiy,

The four-step model exhibits a temporal periodicity of four steps (i.e. 4, 8, 12, ---). Consequently, the Floquet
evolution operator Ur  in real space characterizes the system’s state at every fourth time step, denoted as m = m
(mod 4). The evolution equation can be expressed as:

|\Ij>m+1 =Ur |\IJ>m (S15)
where
Xm(n —-2)
W) =1 xm(n) |, (S16)

Xm(n +2)
where we define vector x5 (n) for the dimer («, ) such that,
Xom(n) = (O‘(”]’”)) . (S17)
B(m,n)

|W),. is the vector representing the state of the system in real space at time step m.



The bulk topology of our lattice, here we refer to it as intrinsic topology, in different regions of the phase diagram
of four-step model is well defined by the Chern number C because our lattice model corresponds to the D symmetry
class with particle hole symmetry (refer Eq. S34) [2] as shown in Fig.2(a) of main paper.

To implement open boundary conditions (OBC) and create a spatially finite lattice in dimension n, specific angles
must be fixed to § = 7/2 at the boundary to ensure full reflectance, as illustrated in Fig. S5(a). The synthetic
dimension ¢ retains its periodic boundary condition (PBC). Given the double periodicity of our lattice in the spatial
dimension n, we consider only the even site positions resulting in a finite lattice of size N, as compared with the
full lattice with n = 2N sites depicted in Fig. S5(a). The full reflection condition necessitates that #; _1 = 7/2 and
0,,—1 = m/2 at the left edge (site position n = —1), and s on+1 = 7/2 and O, o541 = 7/2 at the right edge (site
position n = 2N + 1). These conditions define the complete four-steps Floquet operator Up y for the finite system.
The full matrix of size N x N for the four-step model can be expressed as:

ub Uk U,y 0 0 00

Ut Uy, U, Uy 0 0 0
U__ U_ U() U+ U++ . 0 0
Uy = 0 U__ U- U . Usyr O 0 7 (S18)
0 0 Uu__ . UO U+ U++ 0
0 0 LU U. Uy Uy Uy
0 . 0 0 U U- Uy, UE
o 0 0 o0 U._ URF Uk
where the blocks modified due to the condition of full reflection at the edges are given by:
UL N R1R3672itp — RyT1 T3 4 7R3T1li672u‘0 — R1RyT31 (819)
0= R3T1T2T4i - RlR4T3i — R2R3R4T1i62“p R1R2R3R4621tp — R1R3T2T4 — R4T1T3

UL - —R1T2T367i<p T1T2T3ie*“" (820)
+ R2T1T3T4iew — R1R2R3T4Z‘67“‘0 — R1R3R4TQZ‘6“’0 7R1R2T3T4eitp — R3R4T1T2€‘i§0 — R2R3T1T4e*“"

UL N —R1T3T4e_i¢ — R2R3T1T4ei¥’ — R3R4T1T26_l¢ T1T3T4ie_ic’a — R1R2R3T4ie“" — R1R3R4T2ie_i4p (321)
- R4T1T2T3iew 7R1R4T2T36i<p

(S22)

UR _ R1R2R3R4e—21tp - R\R3T5T, — R,T1T5 R3T\15T41 — R1R4_T3i — Rgfig]%lelie_Qi(‘p
0 —R3T1i€2“p — RlRQTgi R1 R3€2up — R2T1T3

UR _ _R2R3T1T4eigo — R1R2T3T4Q_i§a — R3R4T1Tge_i<p R2T1T3T4ie_i‘P — R1R3R4T2ie_i¢ — R1R2R3T4iew
+ T1T2T3ie“0 —R1T2T3eup
($23)

Ut =

. —R1R4TQT367W’ _ . R4T1T2T3i€‘!7itp _ (824)
T1T3T4ie“" — R1R3R4T2iel<p — R1R2R3T4’L'eiup 7R1T3T46“’0 — R3R4T1T26“P — R2R3T1T4eiup

The evolution equation of the system in real space at time step m = m (mod 4) for a finite lattice of size N can be
written as,

|‘I'>m+1 =UrnN |‘IJ>m (S25)
where
Xm(o)
Xm(2)
¥) = : (526)
Xm(QN - 2)
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FIG. S4. Band diagram for a lattice model with Chern number C* = -2 and no edge winding i.e. vgqge = 0. The
model parameters are 61 = 0.1257, 02 = 0.257, 03 = 0.57, and 64 = 0.257, resulting in ) ¢; = 0. (a) Experimentally measured

band diagram of the lattice. (b) Numerically simulated band diagram. (c) Dispersion spectra derived from the eigenvalues of
the Floquet operator Ug,n.

—

Intensity (arb. units)

(=]

=T 0 -

Fig. S4.(c) shows the eigenvalue spectrum of the lattice with Chern number -2 in the upper band calculated from
the eigenvalues of Up y. As mentioned above the lattice has PBC along synthetic dimension ¢ and OBC along the
real dimention n. The spectrum displays two chiral edge modes per edge in £ = 0 gap. In our experiment we focus
only on the left edge. To excite the left edge mode of our system, we prepare |¥), such that,

x0(0)
Xo(2)

W)y = : (527)
Xo(2N —2)
Xo(2N)
with x0(0) = (é) and yo(n) = 0 ¥n > 2. That is, injection at site position n = 0 and time step m = 0 in the «

sublattice (a(m = 0,n = 0) = 1). We let the the system evolve according to the Equation S25. Then, the eigenvector
|W) .. at time step m is give by the expression:

©) 5 = Urn [¥) 51 = (Urn)™ [T - (S28)
|W) - describes the stroboscopic evolution of the system. Figure S7 shows the spatio-temporal non-stroboscopic
evolution of the sublattice & when edge of the lattice is excited for given value of ¢. A 2D Fourier transform of

the stroboscopic spatio-temporal dynamics of « ring at time steps corresponding to integer Floquet periods (m =
4,8,12,--) scanned over ¢ € [—m, 7] produces the band structure with chiral edge mode as shown in Fig. S4.(a).

DISCRETE-STEP FLOQUET OPERATORS AND EIGENVECTORS IN RECIPROCAL SPACE

Since the four-step model exhibits double periodicity — spatial (every two sites n) and temporal (every four-time
steps m)—, we can apply the following Floquet-Bloch ansatz to Eq. S8:

(%EZ: Eg) - (ZE'ZZ?D e (529)

we can rewrite Equation S8 as,

(G ) = 0= (36k.5) (0

where Ug is four-step Floquet operator in reciprocal space and Eq. S30 represents eigenvalue equation for our system.
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Ur(k, o) = (ul uz) (S31)
where,

W = TV T3The ?* — RoRyT'Ts — RiRsToTy + R1RoR3Rie % — Ry R, TT3e* ™% — RyR3Ty Tye F+iv®
— RiRyT3Tye * — RyR, T The k1
iy = Ry ToTyi — Ry RoRyTyi + RiToTsTyie 2% — RyRsRyTyie ¥ — Ry RyRsTyie *e'? — Ry Ry RyThie *Fe™i%
+ Ry Ty Tyie™* e ™ + RyT Ty Tyie~ Fe™ i
3 = RsTy\TyTyi — Ry RoRyTyi + R ToTsTyie** — RyRyRyT1ie?¥ — Ry RyRyThie™*e'? — Ry RyR3Tyiere ™
+ Ry TsTyie* e’ + Ry ToTsie ket
Gy = TyToT3Tye*™  — RyRyT\ T3 — Ry R3ToTy + Ry Ry R3R4e*? — Ry RyT3Tye e’ — RysRyT\ The*e™ — Ri R ToTye~ Fel?

— R2R3T1T46ik67i<'0
(S32)
The Floquet operator Ug in Equation S31 can also be written in the following compact form:

Up(k,o) = Uy + Upe® + Uy e®* 1 U_e ™ 1 U__e 2 (S33)

To find the corresponding bulk topological invariant, we first check that U r(k, ) is in the D symmetry class with
particle-hole symmetry

PﬁF(k7 @)7)_1 = ﬁF(_ka _30)7 (834)

implemented by the anti-unitary operator P = o, K, being K the complex conjugation operation. This implies that
the bulk topological invariant corresponds to the Chern number [2].

Eigenvalues and eigenvectors

Solving Equation S30 for the eigenvalues of Up we obtain the solutions of energies of the bands E.

Ei(k, (p) =4 C0871 [T1T2T3T4 COS(Qk) - R2R4T1T3 — R1R2T3T4 COS(k + QD) - R3R4T1T2 COS(]C + (p) — R1R4TQT3 COS(k - (p)

— RoR3Th Ty COS(k — (p) — RiR3ToTy + RiRyR3 Ry COS(QQO)],
(S35)
and the eigenvectors in reciprocal space are given by

_ (alke)\ _ 1 1
|¢> - (B(k’¢)> - /71 T |Ri‘2 (Rileiq)i:la) ’ (836)
where

o = IR|e (S37)

B(k,g@) eiEi —A
a

with

A= T1T2T3T4€727"k — RoR,T1 T3 — R1R2T3T4€7i(k+¢) — R3R4T1T2€7i(k+<p) — R R3T5T, + R1R2R3R4672i(‘0
— R1R4T2T3€i(k_w) — R2R3T1T4€_i(k_w)
B = 7R1R2R4T3’L' + R3T1T2T4i — R1R3R4Tgieii(k+w) + R2T1T3T4i67i(k+(p) + R1T2T3T4Z‘672ik — R2R3R4T1i672w

— RiRoR3Tyie "F=9) 4 R,/ T Ty TyieF—#).
(S38)
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(@) Qe (b) Qe (© Qoo
Lattice site (n) —> ,3 o Lattice site (n) —> ,B ° Lattice site (n) —> IB e
-1 0 1 2 3 4 5 . -1 0 1 2 3 4 5. =19 20 21 22 23 24 25
1 1
2 £ 2 g g
= = [
4 4
5 5

FIG. S5. (a) Discrete-step finite lattice after time demultiplexing of the pulses in the double ring set-up. (b) Discrete-step
finite lattice with modified edge operators in the left boundary of the lattice. (c) Discrete-step finite lattice with modified edge
operators in the bulk of the lattice.

COMPUTATION OF THE WINDING OF THE EDGE OPERATORS

Inspired by Ref. [3], we modify the phase modulators acting on the edge sites (see Fig. S5.(b)) to modify the
winding at the boundary of the finite lattice. As we will see below, this intuitive approach allows to easily design
the winding vgqge. The phase modulators of the left boundary are tuned using the parameter ¢ € 7Z such that
P10 = ¢1 = €1, P21 = P2 = C2p, P30 = ¢P3 = cgp and Y4 _1 = ¢s = cqp. This modifies the initial Floquet
operator Up n to Xp n for the lattice in Fig. S5.(b). When ¢; = c3 =1 and ¢z = ¢4 = —1 we get Xpn = Upn,
that is, the original finite lattice without any modification Fig. S5.(a).

To calculate the winding number vgqge associated to the edge of the full Floquet operator Xr y, we now need to
compute Ueqge. We follow the procedure introduced by Bessho and coworkers in Ref. [3] and express the full Floquet
unitary operator X n as a product of two unitary operators:

XrN =UgageUr N (S39)

We remind here that Ug y is the bulk Floquet operator with no modification of the phase modulation at the edges.
It is now straightforward to compute Uggge:

U, U U3 0 0 0 O
U, Us Ugs 0 0 O .0
U, Ugs Uy 0 0 0 0
_ 0O 0 0 I 0 0 0
Updge = Xpn(Upn) ™! = (540)
0O 0 0 - I 0 00O
0 O O 0 I 00
0 O 0 0 O I O
O 0 0 0o 0 o1

where I is the identity matrix and the different blocks are given by:

U = <“” “12> (S41)

U13 U14
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upy = eWPOTIRIRITY + (2t RIRS 4 el ted) RITPTY 4 efe(cateat RETE 4 'eleat DT RT2
w1y = —RsTyie” *? (R} 4+ T7)(R3Rye’? (1 e8] — Ryei#(cateat?) 4 R TRe?(eatl) — RyTyTyet?(rtest?) o RyTyTyet#(est))
U3z = R3T3i(R46i<p(cl+CS) — R46i(’9(62+63+2) — R4T226i@(cl+c3) + R2T2T4 + R4T22€i<p(c3+1) — R2T2T467'¢(0171))
uyy = PO TI (RITFere(c2mertests) o RATRTRE? 4 RIRITS (0~ 12 4 RIRIRTe™(HY) + RIRIT e "¢ (=)
+ R3TIT e (™8 4 TETETie (=) — RyRIRATLT) + Ry RERATR Ty (>4 4 Ry RER\ Ty Tye ¥~ 1)

_ R2R§R4T2T4ew(63+3)),
(S42)

Uy = (“21 “22> (S43)

U23 U24

Ugy = Rnge_w(Rf + T12>(R§T4eiv(01+64) _ T4eiw(02+64+2) + T22T4€w(C4+1) + R2R4T2€i¢(cl+C4+2) _ R2R4Tgew(c4+3))

Uz = —RoRyTyT5i(e4'? — erelerteal))

—ie"? (2 (RyRETY T — RyT3Tye™# (21 7es%8) 4 RER\TIT e + RyR3R3Toe (=1 — RIR TS Tye'? (o= F2)
— RyR3RIToe () — RERZR\Tye'?( ) + RERIRyTye (=% — RyRITyTe (1) 4 RER, TS Tye 91~
+ RyT2T3Tye™#(1=3))

Uzy = R3TyTse™# (Rpe' (5T — Rye'#lertes) 4 RyTRe(ertes) — RyTyTy — RyTie (™) 4 RyTyTye'®( 1),

U23

(S44)

2 ip(cat+l) _ Jip(ci+ca)
RoToT2Ty (e e ) 0) 7 ($45)

Us = (—R3T2T3T4z’(T2T4 — RyRye™#(estl) — TyTye¥(=1) 4 Ry Ryee(crtes)) (

Uy = (“41 “42> (S46)

Ug3 U4gq

ugy = RyTyTye (o res™h) — RyTyTyer#(ertestl) 4 RyTITSTye™™ — RT3 TyTye' (1 +e3™) 4 Ry Ry Ry T Tye' (™ —2)
— RyR3RyTyTse™ ¢
gy = ie” " (RyRERITy — RyT5Tye (2t +2) 4+ RERER,T4e™ + RIR4TS Tye® + RyT5 T3 Tye? — RIRGRyTye' (1)
+ RyR2Ty TR (rtest?) _ Ry RZR2Tye (1Y) 4 R2ZR,T2T e (1Y) — Ry R2T,T2e'0(es+3) _ R2R,T2T,ei¥(cs 1))
U4z = —RoRyToT3i(e"? — e'%)

Ugq = R3T2T3€_i¢(R2 — Rzeiso(cl_l) - R2T42 + RQTZ@iW(Cl_l) + R4T2T46i<p(cl+1) — R4T2T4€2i(’0),
(547)

Us = ("51 “52> (S48)

Us3 Uss

us = e PP (T3T e (2t est2) 4 RIRIRIE™ + RIRITS €' + RITFTFe* + RIRT e (1 Hes) 4 RIRITS el th)

+ R3T3T7e (™) — RyRER4TOTy + RoRERyTyTye (3% 4 RyRER Ty Tye( ™~V — Ry RERATHTye™# T
usy = —R3TaTse 2" (Tyi + Ty sin(p(cy — 1)) — Thicos(p(cy — 1)) — ToTFi + Tngiei“’(cl_l) + Ry Ry Tyic'¢(estl)

— RoR,Tyie#(e1tes))
uss = —RaToTyi(Toe™? (1Y) — The? 4 TyT2e*? — RyRyTy — ToT e (1Y) 4 Ry RyTyet¥(c171)

usy = R3¢~ _ R? 4 RZR2 4 R2R? — R2R2e%(—V) _ RZR2¢i¥(e1=) _ R2RZR2 4 RZRZR2e(a—D 41, 510
549

(S50)

U — R3T2T3T4e_i¢<R4T2 — R4T2€itp(c1_1) + R2T4ei"’(03+1) — R2T4€iw(cl+c3)) 0
0 RyT3TETyi(e™? — €'%) 0)’
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U7 _ <R2T2T32T4(1 _ ecliQ@*i‘P) 7R3T2T3T4Z‘€i<p(6173) (R2R4 - T2T4€2i(p)(eii4p(6171) - 1)) (851)
0 0 b
_ [ us1 Uug2
= (7 ) -
ugy = RsTyT3Tye "9 (RyTy — RyTye'? (1Y — Ry The'?(tl) 4 R, Tye?™%) (S53)
ugy = —RyT5 T{Tyie™>'? (e — %) , (S54)
_ [ Ua91 0
Uy = ( 0 1) (S55)
ugy = ToTy — TST3TE + RIRARIRS + RIRGRAT; + RIRSRITS + RIRSRTS + RARSRITE + RIRSTITY (556)
+ R2R2T2T? + RER3T2T? + RIR2T?T2 + R2R2T?T2 + RIT2TET? + RITHTZT? + T2T2T2eMe(c1—1),
kkok
To compute the invariant associated to the winding of Uggge, We use Eq. 2 in the main text:
1 27‘(‘ 9.
vedge = V[Updge] = 5 dp Tr[Ugdge() " 10,Urdge(9)]- (S57)
0

To make this computation we note that Ugqge is block diagonal with the first block of nine matrices being the only
one containing meaningful information. The other blocks are identity matrices in the main diagonal. To compute
VEdge We just need to apply Eq. S57 to the first block:

Uy U Us
Up=|Us Us Ug | . (858)
Uz Us Uy
It is straightforward to show that
4
Vidge = V[Updge] = v[UL] = —(c1 + c2 + ¢c3 + c4) = — Zci- (S59)
i=0

This expression shows that the winding of the edge unitary operator can be arbitrarily modified through the design
of e1, c2, c3 and ¢c4. A similar description can easily be provided for the right boundary if it is also modified. Unlike
a conventional 2D system we can modify the winding of left boundary without affecting the right boundary since the
parametric dimension ¢ in our lattice model has periodic boundary condition.

Let us simplify even further the above general expressions. For a very simple case where we modify only ¢4 and

cp =1, cg = —1, c3 = 1 are unmodified as in original finite lattice, Ugqqe reduces to,
Ui 0 0 0 0 0 O
0 I 0 0 0 0 -0
0 0 I 0 O 0 0
Ubdge = 00 0 I 0 00 (S60)
0 0 O I 0 00
0 0 0 0 I 00O
0 0 0 0 0 IO
0 0 0 0 0 01
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(a) (b

Intensity (arb. units)

(=)

) (c)
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¥ 12
FIG. S6. Band diagram for a lattice model with Chern number C* = -2 and edge winding number vggge = -2.
The model parameters are 61 = 0.1257, 2 = 0.257, 63 = 0.57, and 64 = 0.257, resulting in > ¢; = 2. (a) Experimentally

measured band diagram of the lattice. (b) Numerically simulated band diagram. (c) Dispersion spectra derived from the
eigenvalues of the Floquet operator Xg n.

where
eitp(C4+1) 0
U1—< o 1)=Us (S61)
The winding number of the edge unitary can be calculated as vgage = V[Ugdge] = v[UL] = —(ca + 1).

The eigenvalues of X y for a finite size lattice with Chern number -2 in the lower band and edge winding of -2 at
the left boundary are shown in Fig. S6.(c). In the E' = 0 gap we observe the cancellation of the left chiral edges, while
the right chiral edges associated to the Chern bulk topology are still present at the right edge. The edge mode band
traversing the £/ = 7 gap arises fully from the winding of Ugg44e The corresponding experimental results are shown in
Fig. S6.(a).

COMPUTATION OF THE WINDING OF THE STRIPE OPERATORS IN THE BULK

For a special case of inducing chiral localised modes within the bulk of the lattice we select a cell far from the edges
(ny = 22) and implement locally the Floquet sequence of phases such that @1 ,, = ¢1 = ¢7* = €19, Yan,—1 = P2 =
Py" = Cap, P30, = P3 = P3° = cap and Q4 -1 = P4 = ¢;° = ca¢p similar to the previous case. This modifies the
initial Floquet operator Ur, n to X%’N of the lattice in Fig. S5.(c) and the corresponding stripe operator to U, such
that,

I 00 0 O O O O0O0O

0O -0 0 0O 0 0 00O

0oo0r o0 0 0 0O0O00O0

000U Uy Us Ug 00O

b 1 |0 0 0Us Us U; Ugs 0 0 O
Uns = XenUen)" =14 0 0 Uy Uy U Uiz 0 0 0 (862)

0 0 O0Ui3 Uiy Us Uig 0 0 0

0000 O 0 0100

0000 O O 000

0000 0o 0 0O0O0TI

where [ is the identity matrix and the different blocks are given by:

U, = L 0 563
1= 0 T42(eiga(1+02) _ 1) +T:;)2T42(T22 _ eigo(1+cz) + eicp(clfl) _ T226itp(0171)) 41 ( )

U21 U22

UQ:(O 0) (S64)
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5in (20 . . . . . , .
Uy = —M[Qie“"(cﬁ@ — 3ie' 4 e — e cos(2603) + i€ cos(203) + ie'¥ cos(202) + ie*? cos(263)

— 2ie(©272) cog(203) — i€ cos(205) cos(203) + i€’ cos(26) cos(203)]
Ugy = —R3T3Tye " (RyTZ — Rye'?1+e2) 4 Ry(cos(p(cr — 1)) + isin(p(c; — 1)) — RyT2e? 1) — RyTyTyet(1Hen)

+ R2T2T462Z¢)

(S65)

0 0
Uy = ( ) (566)
ug) = RaTsTy(Tyie'?1+e2) — Tyie?( =V _ 7275 4 T2Tyie'? =Y 4 Ry Ry Thie®? — Ry R, Thie¥1+1)) (567)

U3z = R2R4TQT32T4(6i¢(C1_1) — 1)
0 0
Vsa= <—R2T2T§Tf(z‘ew — iec1t?) 0> (S68)
v (0 RyTyiecst(e"e(2tD) — 1 4 T2TZ 4 TFe'e(r—1) — TReie(catl) — T2T2eiv(ci=1))

> 7 \0 RsTsTye " (Rye2teates)ie _ R elates)ie 4 R T2e(cites)ivc _ R TVT, — RyT2e(ltes)ie 4 RyTyTyelc1—1)iv)
(S69)

U U
Us = (uii uz) (570)

ugy = etV — RERIe(T — RERZE(1TD 4 RIRTe( T 4 RIRFRIe(1TVW + RERjel2 et
— R2R2R2e(crtea)iv
Ugy = iR3T3(6(C2+C4)i¢ _ plertea=2)ip _ T426(t:2+c4)i<p _ T22€(C471)iip + T22T426(C471)w + T226(c1+cr2)w + Tfe(cﬁcrz)up
— T2T2e(1ea=2)i0) _ Ry Ry RyToTsTy(e(c4H1)ie _ gertea)iv)
ugs = %Sin(293)(e(cl+c3)w — eleatest2)io) _ G RTy(TE 4 T2)elc1+es)ie | jRyTy(T2elcs+)iv 4 T2e(cotest2)ie
— T3T7el st 4 TRTRe(T09)%) 4 i Ry RyRyTH T3 Ty (1 — el = 1)%)
UGy = e(cl*B)i‘p(RgRnge(gfcl)w + R%T??Tfe(?’*cl)w + T22T32T426(3761)w + RgTQQTfezw + R%RiTge(CrCﬁz)w
+ RgRiTng(CQ+cS—cl+3)w + RZT§T§6(02+03—61+3)1¢ + R%R%Rie(cﬁl)w

+ R2R§R4T2T4(—1 + 6(037014'4)1;50 + e(lfcl)iga _ 6(03+3)itp))

(S71)
U7y Utz
U; = S72
g (u73 u?4> (872)
: 10(2+c
oy = —R3T3(Sm(202)e ©(2+ca) _ RyTyeie(tertes) | R T eelitezitesi) _ R T givler—1tes) | R2T2T426w(1+cl+C4)

2
_ R2T2T426i§0(2+c4) + R4T22T46w(6171+04) _ R4T22T4664ig0)

ury = RyTyTFie'( e (T — 1)(e"?(1=e) — 1) — ie ™) (RyRITY T + R3R4T5 T4e®? + Ry R3 R The 41 +es)
— R2R,T2Tyet?@—crtes)

urs = —R3R4T5Tye?-crtertes) _ R RTRT elemerteates) — RERIR,Tue' (1) — Ry R3THT et =)
— RyR3RIToe™343) 4 RERIR\Tye' =) + RER,TSTye'? =) 4 RyTS TS Tye'? 3= 0))

Urq = —R3T2T3€_i<’a(R28i¢(cl+cg) — Rgeﬂp(l—i_cg) — R2T426i(‘0(01+c3) + R4T2T4 + RQTfei@(1+cs) — R4T2T4€i¢(cl_1))
(S73)
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RyRyTo T3 Ty (1) — efelerten)) 0) (S74)

Us = (—R3T2T3T4(T2T4i + Ry Ryie’?(c1tes) — Ry Ryiet?(1tes) — TyTyiet?(c1=1)) 0

Uy = (O “91) (S75)

0 u92

gy = R3T3T427;(T226i¢(c3_1) _ eiap(02+c3) + eitp(c1+03—2) _ T22€i<,a(cl+03—2)) _ R2R3R4T2T3T4i(€_2iip B ei¢(cl_3))

_ S76)
gy = RoRyToT2Ty(e?(r=1) — 1) (

Uyo = <U101 U102> (S77)

U103 U104

U101 = RoRsToT5(T2 — 1)e ™ + RyR3TyT3e ™% Ry RyT2T5Ty (%% — elcrtes—1)igy
+ Ry RyTsTy(elcrTes=1)ie _ gleatestl)ip)
w10z = e (RyR2R2Ty (1 — e11%) 4+ RER2R,Ty(e¥ — elcr+en)iv) | R2R, T2T, 2% (1 — elcrtea—2)iv)
+ R4T22T32T462W(1 - 6(02+03—2)i99) + R2R§T2T3(6(2+01+03)i90 . e(3+cS)i¢) n R§R4T22T4(e(1+01)i¢ ~ e(1+03)1¢))
U103 = RoToT2i(T? — 1)(e1% — ')

U104 = RgTQTg@ii@(RQ(l - B(Clil)i@)(l - T42) — R4T2T4(62i4‘0 - 6(1+Cl)i@))
(S78)

Uy = <u111 U112> (S79)

U113 U114

uiny = e *P(RIR3Re™ + RIRITS ™ + RITFTIe™ + R3TFT e P Tertes) 4 TRTRT ete(heates)
+ RIR3TI e (1 tes) 4 RERITS 0 He)) 4 RETST ™0 H%) — Ry RERATO Ty + Ry RERAT, Ty’ Hertes)
+ RyR2R,ToTye'? 1Y) — Ry R2R, Ty Tye'#3+3))

ur1e = —R3TyTye™ 2% (Tai + To(sin(p(c; — 1)) —icos(p(er — 1)) — ToT2i + ToTZie¥ =Y — Ry R, Tyie¥(c1tes)
+ Ry R Tyie'?(1+es)y

ur1s = —R3TyTy(Toie?1He1) — Thie?¥ 4+ TyT2ie?? — RyRyTyi — ToTie¥ 1) 4 Ry R, Tyie¥(e1Y)

Uiy = R2e¥1=Y _ R2 4 R2R% 4 R2R? — RZR2R? — RZR2e¥(1—Y) — R2R2eie(e1—1) | RZRZR2eie(er—1) 4 g

(S80)

RsToT3Tye™ " (RyTy + RoTye'?(11¢8) — R Thei#lci=1) — RyTyeiv(crtes)y

7R4T2 T3 T4Z(6“‘0 _ eclth) 0

220 —ip _ (c1—2)ip
Uy = (O BeDIETRi(e™ — el 72)1%) (S82)
0 0
RyRyToT2Ty(1 — e9(1=D)) i RyTyTyTye#B3=1) (RyRy — TyTye#)(ei?(1=1) — 1)

Ui ( 5 (S83)

R3TyT3Tye " (RyTy — RyToe'?(Het) — RoTyer?(er=1) 4 R The?%) RyT3TETyi(e™ ' — e¥(c1-2))
Ups = 0 0 (S84)

0
Ups = (“661 1) (S85)

urer = TeT; — TET3TE + RIRSRARS + RIRSRATY + RIRARAT? + RIRARAITE + RARZRATE + RIRSTETE + RIRATITY
+ RIRZTYT] + RERITYTS + RERATYTS + RITYTSTY + RETYTST] + TR T3T e wti =)
(S86)
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The stripe operator Uy, is intrinsically linked to the edge operator Uggqge. As illustrated in Figure S5, when we
apply this particular stripe pattern of phase modulations to the system at an edge, U,, transforms into Uggge. To
compute the invariant associated to the winding of U,,, we use the Eq. S57. Since the winding is in the bulk we note
that in the block diagonal U, the sixteen matrices containing the meaningful information of the winding is inside
the U, unlike when we had winding in the edge. Since all other blocks are identity matrices in the main diagonal
the winding can be calculated using this block of sixteen matrices:

U, Uy Us Uy

Us Us U; Us
Ug = . S&7
B Uy Uio U1 U2 (S87)

Uiz Uis Uis Uss

It is straightforward to show that the winding number of the stripe unitary inside the bulk is,

4
Un, = V[Up,]| =v[Up] = —(c1 +c24+c3+cq) = chi. (S88)

=0

This expression shows that the winding of the stripe unitary operator can be arbitrarily modified through the design
of ¢1, c2, c3 and ¢4 even inside the bulk.
Again when we simplify even further the above general expressions for a very simple case where we modify only ¢4

and ¢; = 1, ¢z = —1, c3 = 1 are unmodified as in original finite lattice, U, reduces to,
I 00 0O0O0O0OO
0 ~-00000O0
0071 0O0O0TO0OO
1000 0U; 00 0 O
Uny = 000O0TITO0OO0OO (589)
000O0O0OI OO0
000O0O0O0 "0
000O0O0OO0TO0DT1I
where
etelcatl)
U = ( 0 1 (S90)
The winding number of the stripe unitary inside the bulk can be calculated as v,, = v[Up,|] = —(ca + 1). The

corresponding experimental results of bulk localised modes are shown in Fig.5 of the main text when the pulse injection
is at the site n, = 22 in the « ring for lattice in Fig. S5.(c).

EDGE MODES IN REAL SPACE

To generate edge modes in real space precise values for the variable beamsplitter and phase modulator were chosen.
The lattice was made with fully reflecting edges (@ = 7/2) as shown in Fig. S5.(a).

The presence of edge modes is readily visible in the experiments and simulations via the localisation of light at the
edge regions. Two examples are displayed in Figs. S7 and S8. In Fig. S7, we observe edge states in a lattice with
Chern number of -2 in the upper band and vggge = 0. In this case the edge states arise solely from the bulk Chern
topology. Figure S8 shows the situation of a lattice model with trivial bulk topology and vggge = —1. In this case,
the edge states appear solely as a consequence of the nontrivial winding of Uggge.
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FIG. S7. Spatio-temporal dynamics in a lattice model
with Chern number C* = -2 and edge winding num-
ber vgqge = 0. The lattice parameters are 6; = 0.125m,
02 = 0.25m, 65 = 0.57, and 04 = 0.257. (a) Experimen-
tally measured spatio-temporal dynamics of the a ring when
a single site at the boundary is excited. (b) Corresponding
numerical simulation of the spatio-temporal dynamics.
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Experiment (b)

Simulation
0 1
p=m2| | p=)2
= =z
E 20 55 E
53 = £
% ::' = <
o 40 ey g‘
E e
= = =
60 =
= 0
20 40 0 20 40

Lattice site n Lattice site n

FIG. S8. Spatio-temporal dynamics in a lattice model
with Chern number C* = 0 and edge winding num-
ber vgdge = -1. The lattice parameters are 6; = 0.125m,
02 = 0.25m, 03 = 0.4387, and 64 = 0.4387. (a) Experimen-
tally measured spatio-temporal dynamics of the a ring when
a single site at the boundary is excited. (b) Corresponding
numerical simulation of the spatio-temporal dynamics.
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